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*�TBiQHQ R

AMi`Q/mxBQM2

G� pBbBQM2 �`iB}+B�H2 UK2;HBQ MQi� BM BM;H2b2 +QK2 +QKTmi2` pBbBQMV ĕ mM `�@
KQ /2HHǶBM7Q`K�iB+� +?2 bim/B� HǶ�+[mBbBxBQM2- BH T`Q+2bb�K2MiQ 2 HǶ�M�HBbB /B
+�`�ii2`BbiB+?2 T`2b2MiB BM BKK�;BMB /B;Bi�HBX 1bb� bB T`QTQM2 /B `BT`Q/m``2
H� pBbi� mK�M� �miQK�iBxx�M/Q H� +QKT`2MbBQM2- HǶBMi2`T`2i�xBQM2 2 H� p�@
Hmi�xBQM2 /B +Bǁ +?2 ĕ pBbB#BH2 M2H KQM/Q `2�H2- �HHQ b+QTQ /B 2KmH�`2- 2 BM
+2`iB +�bB �M+?2 /B bmT2`�`2- H2 +�T�+Bi¨ /B `B+QMQb+BK2MiQ T`QT`B2 /B mM 2b@
b2`2 mK�MQX GǶ2bi`�xBQM2 /B [m2bi2 +�`�ii2`BbiB+?2 �ppB2M2 ;`�xB2 �HHǶmiBHBxxQ
/B }Hi`B- QbbB� �H;Q`BiKB /B T`Q+2bb�K2MiQ /B mMǶBKK�;BM2 +?2 �iim�MQ bm /B
2bb� mM� T�`iB+QH�`2 i`�b7Q`K�xBQM2 BM ;`�/Q /B `2M/2`H2 2pB/2MiBX

S2` B bmQB bB;MB}+�iBpB `BbpQHiB T`�iB+B- [m2bi� b+B2Mx� `Bp2bi2 Q;;B mM `mQHQ
/B T`BKQ Q`/BM2 BM MmK2`Qb2 �TTHB+�xBQMB +?2 +QbiBimBb+QMQ �H+mM2 /2HH2 K�;@
;BQ`B 7`QMiB2`2 /2HH� i2+MQHQ;B� KQ/2`M�- i`� H2 [m�HB, H� ;mB/� �miQMQK�- BH
`B+QMQb+BK2MiQ 7�++B�H2- H� `B+2`+� T2` BKK�;BMB 2 H� `Q#QiB+�X

Zm2biQ H�pQ`Q bB T`QTQM2 /B T`2b2Mi�`2 mMǶ�TTHB+�xBQM2 /B pBbBQM2 �`iB}+B�H2
M2HHǶ�K#BiQ /2HH� T`Q;2ii�xBQM2 /B mM� T�`iB+QH�`2 iBTQHQ;B� /B }Hi`Q +?2- T2`
H2 bm2 T`QT`B2i¨ K�i2K�iB+?2- pB2M2 /2iiQ b2T�`�#BH2X *QK2 bB �p`¨ KQ/Q
/B p2/2`2- HǶmiBHBxxQ U[m�M/Q TQbbB#BH2V /B [m2bi� 7�KB;HB� /B }Hi`B +QbiBimBb+2
mMǶQiiBKBxx�xBQM2 BM i2`KBMB /B 2H�#Q`�xBQM2 +QKTmi�xBQM�H2 /B mMǶBKK�;BM2
`BbT2iiQ �HHǶmiBHBxxQ /B }Hi`B +QMp2MxBQM�HBX

am++2bbBp�K2Mi2- p2``¨ T`2b2Mi�i� mMǶmHi2`BQ`2 QiiBKBxx�xBQM2 BKTH2K2M@
i�i� M2HH� `2�HBxx�xBQM2 /2H }Hi`Q- H2;�i� �HHǶmiBHBxxQ /B mMǶ�`BiK2iB+� }t2/@
TQBMi T2` H� `�TT`2b2Mi�xBQM2 /2B MmK2`B /� 2H�#Q`�`2X

AH }Hi`Q `2�HBxx�iQ BM [m2biQ KQ/Q b�`¨ /2biBM�iQ �/ 2bb2`2 BMbi�HH�iQ bm
/B mM +B`+mBiQ BMi2;`�iQ T`Q;`�KK�#BH2 6S:�- TBɍ T`2+Bb�K2Mi2 �HHǶBMi2`MQ
/2HHQ wvM[@dyky /2HH� +QKT�;MB� sBHBMtX
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*�TBiQHQ k

AH +B`+mBiQ BMi2;`�iQ

G� +`2b+Bi� 2bTQM2MxB�H2 /B [m�MiBi¨ /B /�iB /B;Bi�HB +QK2 BKK�;BMB 2 pB/2Q /B
+mB Q;;B /BbTQMB�KQ ?� +QM/QiiQ BH KQM/Q BM7Q`K�iB+Q �HH� M2+2bbBi¨ /B TQi2`
K2;HBQ Q`;�MBxx�`2 2/ miBHBxx�`2 H2 BM7Q`K�xBQMB BM 2bbB +QMi2MmiBX lMQ /2;HB
bi`mK2MiB TBɍ TQi2MiB BM ;`�/Q /B �bbQHp2`2 [m2biQ +QKTBiQ ĕ �iim�HK2Mi2
H� `2i2 M2m`�H2 +QMpQHmiBp� UK2;HBQ MQi� BM BM;H2b2 +QK2 +QMpQHmiBQM�H M2m@
`�H M2irQ`F Q *LLVX 1bb� ĕ mM� iBTQHQ;B� /B `2i2 M2m`�H2 �`iB}+B�H2- BbTB`�i�
�HHǶQ`;�MBxx�xBQM2 /2HH� +Q`i2++B� pBbBp� �MBK�H2- Q;;B H�`;�K2Mi2 BKTB2;�@
i� +QM ;`�M/2 bm++2bbQ M2HHǶ2H�#Q`�xBQM2- +H�bbB}+�xBQM2 2 `B+QMQb+BK2MiQ /B
BKK�;BMBX

SQB+?û H2 `2iB M2m`�HB `B+?B2/QMQ mM� MQi2pQH2 +�T�+Bi¨ +QKTmi�xBQM�H2-
mM� /2HH2 i2M/2Mx2 +?2 ?� biQ`B+�K2Mi2 T`2p�HbQ M2H HQ`Q bpBHmTTQ ĕ bi�i�
[m2HH� /B mM� `2�HBxx�xBQM2 #�b�i� bm TQi2MiB T`Q+2bbQ`B ;`�}+B U;`�T?B+b T`Q@
+2bbBM; mMBib Q :SlbV- BM +QMi`�TTQbBxBQM2 � bQHmxBQMB- TBɍ `2+2MiB- #�b�i2
bmB K2MQ QM2`QbB +B`+mBiB BMi2;`�iB T`Q;`�KK�#BHB U}2H/ T`Q;`�KK�#H2 ;�@
i2 �``�vb Q 6S:�bVX G� T`BK� b+2Hi� +QKTQ`i� HǶ2b2+mxBQM2 /B mM bQ7ir�`2
+?2 +Q/B}+� HǶ�H;Q`BiKQ +?2 /2b+`Bp2 H� `2i2- K2Mi`2 H� b2+QM/� M2 `B+?B2/2
mMǶBKTH2K2Mi�xBQM2 ?�`/r�`2X 1Mi`�K#2 H2 bQHmxBQMB T`2b2Mi�MQ p�Mi�;;B 2
bp�Mi�;;BX

kXR :Sl pbX 6S:�
GǶBKTH2K2Mi�xBQM2 bm :Sl +QKTQ`i� MmK2`QbB p�Mi�;;B +?2 H2 ?�MMQ T2`@
K2bbQ /B /Bp2MB`2- M2H i2KTQ- HQ bi�M/�`/ /2 7�+iQ T2` ;HB �H;Q`BiKB /B pBbBQM2
�`iB}+B�H2X G2 :Sl K2iiQMQ BM7�iiB � /BbTQbBxBQM2 mM ;`�M/2 MmK2`Q /B 2H2@
K2MiB /B T`Q+2bbQ UT`Q+2bbBM; 2H2K2Mib Q S1V- mM �K#B2Mi2 bi�#BH2 2 BM +QM@
iBMm� 2bT�MbBQM2- mM bmTTQ`iQ � BM7`�bi`miim`2 bi�M/�`/ U+QK2 PT2M*GV 2
mMǶ�KTB� /BbTQMB#BHBi¨ /B T`QT`B2i¨ BMi2HH2iim�HB T2` HQ bpBHmTTQ /B �TTHB+�xBQ@

k



MB BM K�MB2`� `�TB/�X SQB+?û H2 :Sl 2b2;mQMQ bQ7ir�`2- BMQHi`2- 2bb2 Qz`QMQ
H� TQbbB#BHBi¨ /B TQi2` `B�/�ii�`2 BH T`Q;`�KK� 2b2;mBiQ `�TB/�K2Mi2 +QM mM�
b2KTHB+2 KQ/B}+� /2H +Q/B+2- /Bp2`b�K2Mi2 /� bQHmxBQMB ?�`/r�`2 +H�bbB+?2
+?2 MQM T2`K2iiQMQ bm++2bbBpB +�K#B�K2MiB U/2MQKBM�i2 ?�`/@+Q`2VX

GQ bpBHmTTQ /2HHǶBM/mbi`B�- imii�pB�- ?� 7�iiQ Q;;B 2K2`;2`2 H2 6S:� +Q@
K2 mM p�HB/Q +QM+Q``2Mi2 /2HH2 :Sl T2` HǶBKTH2K2Mi�xBQM2 /B �H;Q`BiKB /B
pBbBQM2 �`iB}+B�H2X 1bb2 TQbbQMQ BM7�iiB Qz`B`2- �/ mM +QbiQ 2+QMQKB+Q KQHiQ
TBɍ +QMi2MmiQ- mMǶ�Hi� �{/�#BHBi¨- mMǶ�`+?Bi2iim`� T2`bQM�HBxx�#BH2- mM� `�@
TB/� �/�ii�#BHBi¨ UT�`�;QM�#BH2 � [m2HH� /2HH2 :SlV ;`�xB2 �HH� T`2b2Mx� /B
mM� HQ;B+� `B+QM};m`�#BH2 U/2MQKBM�i� bQ7i@+Q`2V 2- bQT`�iimiiQ- mM +QMbmKQ
2M2`;2iB+Q MQi2pQHK2Mi2 `B/QiiQX

lM `2+2Mi2 bim/BQ(9) UkyR8V- +QM/QiiQ /� JB+`QbQ7i- ?� K2bbQ BM7�iiB BM
2pB/2Mx�- bmb+Bi�M/Q mM +2`iQ BMi2`2bb2 /� T�`i2 /2H KQM/Q BM/mbi`B�H2- +Q@
K2 HǶmiBHBxxQ /B 6S:� TQbb� +QKTQ`i�`2 mM `BbT�`KBQ 2M2`;2iB+Q }MQ � Ry
pQHi2 bmT2`BQ`2 `BbT2iiQ � [m2HHQ /B mM� :Sl T2` HǶ2b2+mxBQM2 /B mMQ bi2bbQ
+QKTBiQX AH T�`�K2i`Q Qbb2`p�iQ ĕ bi�iQ BH `�TTQ`iQ i`� T`2bi�xBQMB 2 +QMbmKB
Ui?`Qm;?Tmifr�iiV 2- b2##2M2 H2 T`2bi�xBQMB /2HHǶ6S:� /B `B72`BK2MiQ bB�MQ
`BbmHi�i2 KQHiQ KBMQ`B `BbT2iiQ � [m2HH2 /2HH� +Q``BbTQM/2Mi2 :Sl- BH +QMbmKQ
2M2`;2iB+Q 2bi`2K�K2Mi2 `B/QiiQ BM T`QTQ`xBQM2 bB ĕ /BKQbi`�iQ 2bb2`2 mM `B@
bmHi�iQ T�`iB+QH�`K2Mi2 +QMbBbi2Mi2- +?2 TQi`2##2 �p2`2 +QMb2;m2Mx2 MQi2pQHB
T2` �TTHB+�xBQMB BM +mB H2 �Hi2 T`2bi�xBQMB MQM +QbiBimBb+QMQ mM� T`BQ`Bi¨X

lM b2+QM/Q bim/BQ(j) �M+Q`� TBɍ `2+2Mi2 UkyRdV- +QM/QiiQ /� AMi2H- ?�
K2bbQ imii�pB� BM 2pB/2Mx� +QK2 BM +2`iB +�bB H2 6S:� TQbb�MQ �//B`Biim`�
bmT2`�`2 H2 T`2bi�xBQMB /B mM� :SlX h�H2 bim/BQ ?� p�Hmi�iQ H2 BKTH2K2Mi�@
xBQMB /2B TBɍ MQiB �H;Q`BiKB 2K2`;2MiB /B `2iB M2m`�HB BM 2b2+mxBQM2 i`� /m2
;2M2`�xBQMB /B 6S:� UHǶAMi2H �``B� Ry 2 HǶAMi2H ai`�iBt RyV � +QM7`QMiQ +QM
mMQ /2;HB mHiBKB KQ/2HHB �/ �Hi2 T`2bi�xBQMB /B :Sl UH� LoA.A� hBi�M s
S�b+�HVX A `BbmHi�iB ?�MMQ /BKQbi`�iQ +QK2- �H p�`B�`2 /2;HB �H;Q`BiKB- H2 6S@
:� TQbb�MQ K�Mi2M2`2 mM +QMbmKQ 2M2`;2iB+Q /BK2xx�iQ `BbT2iiQ �HH2 :Sl
Qz`2M/Q T`2bi�xBQMB bmT2`BQ`B �M+?2 /2H eyWX

S2` [m2bi2 `�;BQMB- H2 6S:� `�TT`2b2Mi�MQ Q;;B mM� `2�Hi¨ KQHiQ T`QK2ii2M@
i2- +?2 ?� +�iim`�iQ T2` H2 bm2 TQi2MxB�HBi¨ HǶBMi2`2bb2 /2H KQM/Q /2HH� pBbBQM2
�`iB}+B�H2 +QK2 TQbbB#BH2 TB�ii�7Q`K� /B `B72`BK2MiQ T2` HǶBKTH2K2Mi�xBQM2 /B
�H;Q`BiKB /B /22T@H2�`MBM;X

S2` HQ bi2bbQ BMi2`2bb2- 2bb� ĕ �M+?2 H� TB�ii�7Q`K� miBHBxx�i� BM [m2biQ
T`Q;2iiQ- BH [m�H2- b2##2M2 � /Bz2`2Mx� /2;HB 2b2KTB +Bi�iB MQM �##B� +QK2
Q;;2iiQ HǶBKTH2K2Mi�xBQM2 /B mM� `2i2 M2m`�H2 M2HH� bm� BMi2`2xx�- M2 `2�@
HBxx� imii�pB� mM bmQ KQ/mHQ- QbbB� BH }Hi`Q /B +QMpQHmxBQM2 U+QM QTTQ`imM2
QiiBKBxx�xBQMBVX

j



kXk AH /BbTQbBiBpQ /B `B72`BK2MiQ, wvM[@dyky
AH /BbTQbBiBpQ miBHBxx�iQ BM [m2biQ T`Q;2iiQ ĕ HQ wvM[@dyky- mM bBbi2K� bm +B`@
+mBiQ BMi2;`�iQ T`Q;`�KK�#BH2 U�HH T`Q;`�KK�#H2 bvbi2K QM +?BT Q �S aQ*V
�TT�`i2M2Mi2 �HH� 7�KB;HB� wvM[@dyyy 2 T`Q/QiiQ /�HH� +QKT�;MB� sBHBMtX 1b@
bQ BMi2;`� mM T`Q+2bbQ`2 ?�`/@+Q`2 #�b�iQ bm �`+?Bi2iim`� �_J U/2MQKBM�iQ
T`Q+2bbBM; bvbi2KV �++QTTB�iQ �/ mM� HQ;B+� `B+QM};m`�#BH2 6S:� bQ7i@+Q`2
U/2MQKBM�i� T`Q;`�KK�#H2 HQ;B+VX

6B;m`� kXR, �`+?Bi2iim`� /2B /BbTQbBiBpB /2HH� 7�KB;HB� wvM[@dyyy /B sBHBMtX(d)
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_2H�iBp�K2Mi2 �HH� b2xBQM2 ?�`/@+Q`2- +QKmM2 � imiiB B /BbTQbBiBpB /2HH�
7�KB;HB� wvM[@dyyy- BH /BbTQbBiBpQ K2ii2 � /BbTQbBxBQM2,(e)

Ç k *Sl �_J *Q`i2t �N U�`+?Bi2iim`� �_J pd@�Vc
Ç +�+?2 GR- T2` /�i� 2 +�+?2- /� jk E"c
Ç +�+?2 Gk- mMB}+�i� i`� B /m2 +Q`2- /� 8Rk E"c
Ç _PJ T2` BH #QQic
Ç k8e E" /B _�J QM +?BTc
Ç BMi2`7�++B� T2` K2KQ`B2 2bi2`M2 U.._k 2 .._jVc
Ç .J� *QMi`QHH2` � 3 +�M�HBc
Ç #mb �sA U2 �Hi`BVc
Ç 2i?2`M2i RyfRyyfRyyy :"c
Ç la" +QMi`QHH2`X

_2H�iBp�K2Mi2 �HH� b2xBQM2 bQ7i@+Q`2- BH /BbTQbBiBpQ K2ii2 � /BbTQbBxBQM2,(e)

Ç 38 yyy +2HH2 /B HQ;B+� T`Q;`�KK�#BH2 UT`Q;`�KK�#H2 HQ;B+ +2HHbVc
Ç R9y #HQ+F _�Jb U"_�Jb- BM #HQ++?B /� je E"V, iBTQHQ;B� /B K2KQ`B2

_�J +QM};m`�#BHB BM+Q`TQ`�i2 M2HHǶ6S:� T2` H� K2KQ`Bxx�xBQM2 /2B
/�iBc

Ç kky /B;Bi�H bB;M�H T`Q+2bbQ`b U.aSbV, KB+`QT`Q+2bbQ`B bT2+B�HBxx�iB M2H@
HǶ2b2+mxBQM2 2{+B2Mi2 /B b2[m2Mx2 /B Bbi`mxBQMB `B+Q``2MiB U+QK2- �/
2b2KTBQ- bQKK2 2 KQHiBTHB+�xBQMBVc

Ç Rye 9yy ~BT ~QTb U66bV, +B`+mBiB 2H2K2Mi�`B miBHBxx�iB +QK2 /BbTQbBiBpB
/B K2KQ`B�c

Ç 8j kyy HQQF@mT i�#H2b UGlhbV, bi`miim`2 /�iB +?2 bQbiBimBb+QMQ QT2`�@
xBQMB /B +�H+QHQ � i2KTQ /B 2b2+mxBQM2 +QM TBɍ b2KTHB+B QT2`�xBQMB /B
+QMbmHi�xBQM2 /B mM� i�#2HH�X

*QK2 bB �p`¨ KQ/Q /B �TT`2xx�`2 bm++2bbBp�K2Mi2- HǶmiBHBxxQ /B `BbQ`b2 K2bb2
� /BbTQbBxBQM2 /�HH� b2xBQM2 bQ7i@+Q`2 b�`�MMQ BH T�`�K2i`Q /B p�Hmi�xBQM2 T2`
B `BbmHi�iB bT2`BK2Mi�HB /B [m2biQ T`Q;2iiQX
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kXj GǶ�K#B2Mi2 /B bpBHmTTQ, oBp�/Q >Ga
GQ bi`mK2MiQ /B bpBHmTTQ miBHBxx�iQ BM [m2biQ T`Q;2iiQ ĕ oBp�/Q >GaX 1bbQ
ĕ mM �K#B2Mi2 /B bpBHmTTQ BMi2;`�iQ UBMi2;`�i2/ /2p2HQTK2Mi 2MpB`QMK2Mi Q
A.1V- #�b�iQ bm 1+HBTb2- T2` H� T`Q;`�KK�xBQM2 K2/B�Mi2 HBM;m�;;B /B �HiQ
HBp2HHQ U*- *YY 2 avbi2K*V 2 HǶ2bTQ`i�xBQM2 /2B #HQ++?B HQ;B+B +QM};m`�#BHB
U+QM};m`�#H2 HQ;B+ #HQ+Fb Q *G"V T`2b2MiB M2HH� HQ;B+� bQ7i@+Q`2 /2HHǶ6S:�X

G2 /2b+`BxBQMB /2HH2 BKTH2K2Mi�xBQMB `2�HBxx�i2 K2/B�Mi2 oBp�/Q >Ga b�`�M@
MQ 7Q`MBi2 M2B +�TBiQHB bm++2bbBpB- BM b2;mBiQ �HH� T`2p2MiBp� BHHmbi`�xBQM2 /2H
HQ`Q �H;Q`BiKQX

e



*�TBiQHQ j

6BHi`B 2 b2T�`�#BHBi¨

jXR *QbǶĕ mM }Hi`Q
L2HHǶ2H�#Q`�xBQM2 /B BKK�;BMB UBK�;2 T`Q+2bbBM;V BH }Hi`�;;BQ ĕ mMǶQT2`�xBQM2
2b2;mBi� bm mMǶBKK�;BM2 �HHQ b+QTQ /B KB;HBQ`�`M2 H� [m�HBi¨ Q 2bi`�`M2 BM7Q`@
K�xBQMB /B BMi2`2bb2X AH T`BKQ miBHBxxQ ĕ- T2` 2b2KTBQ- /B �mbBHBQ �B 7QiQ;`�}-
T2` B [m�HB Tmǁ `BbmHi�`2 BKTQ`i�Mi2 +Q``2;;2`2 �H+mMB T�`�K2i`B /2HHǶBKK�@
;BM2 +QK2 HmKBMQbBi¨- +QMi`�biQ 2 b�im`�xBQM2 T`BK� /B `2M/2`2 Tm##HB+Q mMQ
b+�iiQX AH b2+QM/Q iBTQ /B miBHBxxQ ĕ BMp2+2 /B BMi2`2bb2 /2HH� pBbBQM2 �`iB}@
+B�H2- BH +mB Q#B2iiBpQ MQM ĕ H� `B+2`+� /B mM +�MQM2 2bi2iB+Q- K� H� K2bb� BM
2pB/2Mx� 2 H� +QMb2;m2Mi2 2bi`�xBQM2 /B +�`�ii2`BbiB+?2 BM mMǶBKK�;BM2 +?2
+QbiBimBb+QMQ BM7Q`K�xBQM2 /B BMi2`2bb2X

lM }Hi`Q ĕ mM T`Q;`�KK� +?2 +Q/B}+� mM �H;Q`BiKQ BM ;`�/Q /B K2ii2`2 BM �i@
iQ [m2bi� QT2`�xBQM2 /B }Hi`�;;BQ- H� [m�H2 ĕ Qii2Mmi� K2/B�Mi2 mMQ bT2+B}+Q
T`Q+2/BK2MiQ +?B�K�iQ +QMpQHmxBQM2X

6B;m`� jXR, a+?2K� � #HQ++?B /B mM }Hi`Q UKQ/2HHQ #H�+F #QtVX

d



jXk AH T`Q+2bbQ /B +QMpQHmxBQM2 +QMp2MxBQM�H2
jXkXR aB;MB}+�iQ K�i2K�iB+Q
G� +QMpQHmxBQM2 UbBK#QHQ ⊗V ĕ mMǶQT2`�xBQM2 K�i2K�iB+� +?2 +QMbBbi2 M2H
T`Q+2bb�`2 mM� K�i`B+2 �ii`�p2`bQ mMǶ�Hi`�- /2ii� K�i`B+2 /B +QMpQHmxBQM2 Q
F2`M2H- Qii2M2M/Q +QK2 `BbmHi�iQ mM� MmQp� K�i`B+2X L2H +�bQ #B/BK2MbBQ@
M�H2- BH T`Q+2/BK2MiQ T`2p2/2 /B TQbBxBQM�`2 BH F2`M2H M2HHǶ�M;QHQ BM �HiQ �
bBMBbi`� /2HH� K�i`B+2 /� T`Q+2bb�`2- [mBM/B /B bQKK�`2 B T`Q/QiiB i`� Q;MB
2H2K2MiQ /2H F2`M2H bi2bbQ T2` B +Q``BbTQM/2MiB 2H2K2MiB +QM HQ bi2bbQ BM/B+2
/2HH� K�i`B+2 /B T�`i2Mx�X

6Q`K�HK2Mi2- /�i2 /m2 K�i`B+B 7 2 ; /B m;m�H2 /BK2MbBQM2 M×N - [m2bi�
QT2`�xBQM2 /B bQKK� 2 T`Q/QiiQ- mM� pQHi� TQbBxBQM�iQ BH F2`M2H- ĕ /2b+`Bii�
/�HH� 7Q`KmH�,

f ⊗ g =
N∑

i=1

M∑

j=1

Ai,j · Bi,j

/�i2 [mBM/B /m2 K�i`B+B /B 2b2KTBQ � 2 ",

A =

⎡

⎣
a b c
d e f
g h i

⎤

⎦ , B =

⎡

⎣
1 2 3
4 5 6
7 8 9

⎤

⎦

�TTHB+�M/Q H� 7Q`KmH�,
⎡

⎣
a b c
d e f
g h i

⎤

⎦⊗

⎡

⎣
1 2 3
4 5 6
7 8 9

⎤

⎦ =

= (a · 1) + (b · 2) + (c · 3) + (d · 4) + (e · 5) + (f · 6) + (g · 7) + (h · 8) + (i · 9)
*Bǁ 7Q`MBb+2 BH p�HQ`2 /2HH� T`BK� +2HH� /2HH� K�i`B+2 `BbmHi�Mi2X AH T`Q+2/B@
K2MiQ T`Qb2;m2 i`�bH�M/Q BH F2`M2H p2`bQ /2bi`� /B mM� [m�MiBi¨ +Qbi�Mi2-
/2ii� bi`B/2- }MQ �H T`Q+2bb�K2MiQ /2HHǶBMi2`� K�i`B+2 /B T�`i2Mx�X

6B;m`� jXk, S`BKB i`2 T�bbB /B +QMpQHmxBQM2 +QM bi`B/2 T�`B � 1 /B mM� K�i`B+2
5×5 UBM p2`/2V +QM mM F2`M2H 3×3 UBM ;B�HHQVX G� K�i`B+2 `BbmHi�Mi2 �/ Q;MB T�bbQ
ĕ 2pB/2MxB�i� BM `QbbQX

3



jXkXk .2b+`BxBQM2 /2HHǶ�H;Q`BiKQ
GǶ�H;Q`BiKQ +QMp2MxBQM�H2 /B +QMpQHmxBQM2 /B mMǶBKK�;BM2 ĕ HǶ�M�HQ;Q /2H
T`Q+2/BK2MiQ K�i2K�iB+Q bQT`� /2b+`BiiQX AM [m2biQ +�bQ- H� K�i`B+2 /B T�`@
i2Mx� ĕ HǶBKK�;BM2 BM BM;`2bbQ /� }Hi`�`2- bQiiQ 7Q`K� /B K�i`B+2 /B TBt2H- 2 BH
F2`M2H ĕ mMǶ�Hi`� K�i`B+2 `2bTQMb�#BH2 /2H }Hi`�;;BQX G� bQiiQ �`2� bT�xx�i�
/�HH� i`�bH�xBQM2 /2H F2`M2H bmHHǶBKK�;BM2 pB2M2 /2ii� }M2bi`� /B b+Q``BK2MiQ
UQ bHB/BM; rBM/QrVX

6B;m`� jXj, oBbBQM2 i`B/BK2MbBQM�H2 /2HH� +QMpQHmxBQM2 i`� mM F2`M2H E 2 H�
}M2bi`� /B b+Q``BK2MiQ U2pB/2MxB�i� BM `QbbQ M2HHQ bi`�iQ AVX AH `BbmHi�iQ /2HH�
+QMpQHmxBQM2 7Q`MBb+2 mM p�HQ`2 +?2- /QTQ �H+mM2 mHiBK2 QT2`�xBQMB- +QbiBimB`¨ BH
TBt2H /2HHǶBKK�;BM2 BM mb+Bi� I ′ T2` H� }M2bi`� /B b+Q``BK2MiQ +Q``2Mi2X

6B;m`� jX9, aBim�xBQM2 BMBxB�H2 T2` H� +QMpQHmxBQM2 /B mMǶBKK�;BM2 +QM mM F2`M2HX
� bBMBbi`� ĕ `�TT`2b2Mi�iQ BH F2`M2H K b+2HiQ T2` BH }Hi`�;;BQ Ub7Q+�im`� ;�mbbB�M� Q
;�mbbB�M #Hm`V /B /BK2MbBQM2 M ×N - K2Mi`2 � /2bi`� ĕ `�TT`2b2Mi�i�- bQiiQ 7Q`K�
/B K�i`B+2 /B TBt2H- HǶBKK�;BM2 /� }Hi`�`2 A /B /BK2MbBQM2 W ×HX AM [m2biǶmHiBK�
ĕ 2pB/2MxB�i�- BM `QbbQ- H� TQbBxBQM2 BMBxB�H2 /2HH� }M2bi`� /B b+Q``BK2MiQX

N



L2H T`Q+2bb�K2MiQ /B BKK�;BMB imii�pB�- BH p�HQ`2 Qii2MmiQ /QTQ Q;MB b+Q`@
`BK2MiQ MQM +QbiBimB`¨ �M+Q`� BH p�HQ`2 /2H TBt2H /2HHǶBKK�;BM2 BM mb+Bi�- K�
�M/`¨ T`BK� /BpBbQ T2` mM� [m�MiBi¨ T�`B �HH� bQKK� /B imiiB B p�HQ`B /2H F2`@
M2H miBHBxx�iQ UMQ`K�HBxx�xBQM2VX �H+mM2 iBTQHQ;B2 /B F2`M2H T`2p2/QMQ BMQHi`2
H� bQKK� T2` mMǶmHi2`BQ`2 [m�MiBi¨- /2ii� Qzb2iX AH `BbmHi�iQ /B [m2bi2 QT2@
`�xBQMB }M�HB 7Q`MBb+2 BH p�HQ`2 /B mMQ /2B TBt2H +?2 +QKTQM;QMQ HǶBKK�;BM2
}Hi`�i�X

6B;m`� jX8, *�H+QHQ /2H p�HQ`2 /2H T`BKQ TBt2H BM mb+Bi� U+QMbB/2`�M/Q H� bBim�xBQM2
BMBxB�H2 /B 6B;m`� jX9X SQB+?û H� bQKK� /B imiiB B p�HQ`B /2H F2`M2H miBHBxx�iQ ĕ Re U2
HǶQzb2i ĕ m;m�H2 � yV, I ′1,1 =

(1·3+2·1+1·5+2·5+4·2+2·7+1·3+2·4+1·6)
16 = 59

16 = 3, 6875 ≈ 4X

GQ b+Q``BK2MiQ /2HH� }M2bi`� 2/ B `2H�iBpB +�H+QHB T`Qb2;mQMQ }MQ �H T`Q+2bb�@
K2MiQ /2HHǶBMi2`� BKK�;BM2 BM BMTmiX

Ry



jXkXkXR LQi2 bmHH2 iBTQHQ;B2 /B F2`M2H
*QK2 Qbb2`p�iQ- BH F2`M2H miBHBxx�iQ ĕ `2bTQMb�#BH2 /2HH� iBTQHQ;B� /B }Hi`�;;BQ
�TTHB+�iQ- 2 Tmǁ 2bb2`2 T2`i�MiQ b+2HiQ QTTQ`imM�K2Mi2 T2` 2H�#Q`�`2 HǶBK@
K�;BM2 BM mM KQ/Q TBmiiQbiQ +?2 BM mM �Hi`Q- � b2+QM/� /2;HB Q#B2iiBpB +?2 +B
bB TQM2X lM 2b2KTBQ /B [m2biB- i`� B TBɍ `BH2p�MiB T2` b+QTB /B `B+QMQb+BK2MiQ
/B BKK�;BMB- ĕ bB+m`�K2Mi2 HǶ2bi`�xBQM2 /2B +QMiQ`MB U2/;2 /2i2+iBQMVX SQB+?û
BM7�iiB BH +QMiQ`MQ /B mM Q;;2iiQ +QbiBimBb+2 mM 2H2K2MiQ /B b2T�`�xBQM2 i`�
HǶQ;;2iiQ bi2bbQ 2 +Bǁ +?2 HQ +B`+QM/�- HǶ2bi`�xBQM2 /2H bmQ +QMiQ`MQ ĕ KQHiQ
bT2bbQ BH T`BKQ T�bbQ T2` BH `B+QMQb+BK2MiQ /B +Bǁ +?2 i�H2 Q;;2iiQ `�TT`2b2Mi�X

6B;m`� jXe, 1b2KTB /B miBHBxxQ /B }Hi`B T2` 2/;2 /2i2+iBQMX AM �HiQ, +QMpQHmxBQM2
+QM mM F2`M2H /B aQ#2H p2`iB+�H2X AM #�bbQ, +QMpQHmxBQM2 +QM mM F2`M2H /B aQ#2H
Q`BxxQMi�H2X

jXkXkXk :2biBQM2 /2B #Q`/B
lM T`Q#H2K� +Q``2H�iQ �H T`Q+2bb�K2MiQ /B mMǶBKK�;BM2 K2/B�Mi2 +QMpQ@
HmxBQM2 ĕ [m2HHQ /2B #Q`/BX AH T`Q+2bbQ /B +QMpQHmxBQM2 TQ`i� BM7�iiB �/
mM� `B/mxBQM2 /2HH2 /BK2MbBQMB D′ /2HHǶBKK�;BM2 T`Q+2bb�i�- BM �++Q`/Q �HH�
7Q`KmH�,

D′ = (W −M + 1) · (H −N + 1)

.Qp2 W×H ĕ H� /BK2MbBQM2 /2HHǶBKK�;BM2 BM BM;`2bbQ 2 M×N H� /BK2MbBQM2
/2H F2`M2HX

RR



6B;m`� jXd, S2`/Bi� /B TBt2H UBM ;`B;BQV 2 +QMb2;m2Mi2 `B/mxBQM2 /2HHǶBKK�;BM2
+�mb�iB /�H T`Q+2bbQ /B +QMpQHmxBQM2X

*Bǁ ĕ +QM+2iim�HK2Mi2 `B+QM/m+B#BH2 �H 7�iiQ +?2 mMǶBKK�;BM2 }Hi`�i� BM mb+Bi�
I ′ ?� +�`�ii2`BbiB+?2 bB;MB}+�iBp2 bQHQ BM mM bQiiQBMbB2K2 /2HHǶBKK�;BM2 BM
BM;`2bbQ AX A;MQ`�`2 BH T`Q#H2K� TQ`i2`2##2 �/ Qii2M2`2 BM mb+Bi� mMǶBKK�;BM2
TBɍ TB++QH�- BH +?2 TQi`2##2 2bb2`2 bT2bbQ MQM ;`�/BiQX S2` 2pBi�`2 +?2 +Bǁ
�++�/�- ĕ bm{+B2Mi2 �;;BmM;2`2 �HHǶBKK�;BM2 /B T�`i2Mx� mM� +Q`MB+2 /B TBt2H-
/2ii� T�//BM;- /B bT2bbQ`2 M−1

2 × N−1
2 X *QbŢ 7�+2M/Q- bB `B+QM/m+2 BH T`Q#H2K�

�HH� +QMpQHmxBQM2 /B mMǶBKK�;BM2 /B T�`i2Mx� TBɍ ;`�M/2 /B [m2HH� Q`B;BM�H2-
Qii2M2M/Q BM mb+Bi� mMǶBKK�;BM2 }Hi`�i� TBɍ TB++QH�- K� /2HH2 /BK2MbBQMB
/2bB/2`�i2X

S2` H� b+2Hi� /2B p�HQ`B /2B TBt2H /� miBHBxx�`2 +QK2 T�//BM; bB TQbbQMQ QT2@
`�`2 b+2Hi2 /Bz2`2MiB- H2 [m�HB /2i2`KBM�MQ HǶ�bT2iiQ /2H #Q`/Q /2HHǶBKK�;BM2
BM mb+Bi�X aB Tmǁ �ii`B#mB`2 �/ Q;MB TBt2H /B T�//BM;,

RX BH p�HQ`2 /2H TBt2H TBɍ pB+BMQ /BbTQMB#BH2c
kX mM p�HQ`2 +Qbi�Mi2 U2bX yVc
jX mM p�HQ`2 +�bm�H2fMQM BMBxB�HBxx�iQX

S2` H2 BKTH2K2Mi�xBQMB /B [m2biQ T`Q;2iiQ bB �bbmK2`¨ b2KT`2 HǶmHiBK� b+2Hi�-
TQB+?û `BbmHi� H� TBɍ 2{+B2Mi2 BM i2`KBMB +QKTmi�xBQM�HB MQM `B+?B2/2M/Q
HǶ�HHQ+�xBQM2 /B `BbQ`b2 /2/B+�i2X

Rk



jXkXj *QKTH2bbBi¨ +QKTmi�xBQM�H2
lM T�`�K2i`Q /B `B72`BK2MiQ T2` H� p�Hmi�xBQM2 /2HHǶ2{+B2Mx� /B mM �H;Q`BiKQ
ĕ BH MmK2`Q /B QT2`�xBQMB bpQHi2- H2 [m�HB M2 /2i2`KBM�MQ H� bm� +QKTH2bbBi¨
+QKTmi�xBQM�H2X S2` [m2biQ �H;Q`BiKQ- H2 QT2`�xBQMB 2H2K2Mi�`B M2+2bb�`B2
bQMQ 2H2M+�i2 BM h�#2HH� jXRX

PT2`�xBQMB *QKTH2bbBi¨

JQHiBTHB+�xBQMB MN ·WH

aQKK2 (MN − 1) ·WH

.BpBbBQMB WH

hQi�H2 2MN ·WH

h�#2HH� jXR, LmK2`Q /B QT2`�xBQMB M2+2bb�`B2 �HHǶ�H;Q`BiKQ T2` HǶ2H�#Q`�xBQM2-
�bbmK2M/Q BM BM;`2bbQ mM F2`M2H ;2M2`B+Q /B /BK2MbBQMB M × N 2/ mMǶBKK�;BM2
;2M2`B+� /B /BK2MbBQMB W ×HX

G� +QKTH2bbBi¨ +QKTmi�xBQM�H2 +`2b+2 [mBM/B BM 7mMxBQM2 /B M ×N X Zm2bi�
[m�MiBi¨ b�`¨ BH T�`�K2i`Q /B BMi2`p2MiQ T2` H2 QiiBKBxx�xBQMB /B [m2biQ T`Q@
;2iiQX

L2;HB 2b2KTB T`2b2Mi�iB bB ĕ miBHBxx�iQ- � b+QTB BHHmbi`�iBpB- mM F2`M2H /B /BK2M@
bBQM2 3 × 3X G2 /BK2MbBQMB /2H F2`M2H TQbbQMQ T2`ǁ p�`B�`2- /2i2`KBM�M/Q BH
MmK2`Q /B QT2`�xBQMB M2+2bb�`B2 � T`Q+2bb�`2 HǶBKK�;BM2 BM BM;`2bbQ BM �++Q`@
/Q �HH� +QKTH2bbBi¨ +QKTmi�xBQM�H2X S2` [m2biQ T`Q;2iiQ- bB ĕ �bbmMiQ +QK2
`B72`BK2MiQ HǶBMi2`p�HHQ /B F2`M2H [m�/`�iB /B /BK2MbBQMB /BbT�`B +QKT`2b2 M2H@
HǶBMi2`p�HHQ [3 × 3- 17 × 17]XR G2 BKK�;BMB miBHBxx�i2 b�`�MMQ BMp2+2 b2KT`2
/B /BK2MbBQM2 640× 480X

AM h�#2HH� jXk bQMQ 2H2M+�i2 H2 QT2`�xBQMB M2+2bb�`B2 �HHǶ2H�#Q`�xBQM2 T2`
Q;MB /BK2MbBQM2 /2H F2`M2H M2HHǶBMi2`p�HHQ /B `B72`BK2MiQX Zm2biB p�HQ`B p2`@
`�MMQ `BT`2bB M2B T�`�;`�} bm++2bbBpB T2` b+QTB /B +QM7`QMiQX

R7Q`K�HK2Mi2- H� /BK2MbBQM2 L /2H F2`M2H /2p2 �TT�`i2M2`2 �HHǶBMbB2K2 {N ∈ N; 3 ≤
N ≤ 17, N = 2n+ 1, n ∈ N}X

Rj



E2`M2H PT2`�xBQMB

3× 3 8 8kN eyy
5× 5 R8 jey yyy
7× 7 jy Ry8 eyy
9× 9 9N dee 9yy

11× 11 d9 j9k 9yy
13× 13 Ryj 3jj eyy
15× 15 Rj3 k9y yyy
17× 17 Rdd 8eR eyy

h�#2HH� jXk, LmK2`Q /B QT2`�xBQMB M2+2bb�`B2 �HHǶ�H;Q`BiKQ T2` HǶ2H�#Q`�xBQM2 /B
mMǶBKK�;BM2 640×480- T2` Q;MB /BK2MbBQM2 /2H F2`M2H M2HHǶBMi2`p�HHQ /B `B72`BK2MiQX

jXkX9 .2b+`BxBQM2 /2HHǶBKTH2K2Mi�xBQM2
AM oBp�/Q >Ga- HǶ�H;Q`BiKQ �TT2M� /2b+`BiiQ pB2M2 BKTH2K2Mi�iQ �HHǶBMi2`MQ
/B mM� 7mMxBQM2 [mB /2MQKBM�i� *QMp2MiBQM�Hn6BHi2`X h�H2 7mMxBQM2 ĕ
Q`;�MBxx�i� +QM mM /QTTBQ +B+HQ 7Q` T2` HǶBi2`�xBQM2 bm imii� H� K�i`B+2 /B
TBt2H /2HHǶBKK�;BM2 BM BM;`2bbQ- QiiBKBxx�iQ K2/B�Mi2 HǶmiBHBxxQ /2HH� /B`2iiBp�,
OT`�;K� >Ga SAS1GAL1

h�H2 /B`2iiBp� MQiB}+� �HHQ bi`mK2MiQ /B bBMi2bB /B 2b2;mB`2 H2 QT2`�xBQMB BM@
i2`M2 BM TBT2HBM2- QbbB� BM mM� KQ/�HBi¨ M2HH� [m�H2 B T�bbB bm++2bbBpB /2HH�
b2[m2Mx� /B Bbi`mxBQMB p2M;QMQ 2b2;mBiB � im`MQ BM K�MB2`� +QM+Q``2Mi2X AM
[m2biQ KQ/Q- HǶBbi`mxBQM2 bm++2bbBp� ?� BMBxBQ T`BK� +?2 H� T`2+2/2Mi2 bB�
i2`KBM�i�- /2i2`KBM�M/Q mM� `B/mxBQM2 /2H MmK2`Q /B +B+HB /B +HQ+F M2+2b@
b�`B � +QKTB2`2 imii2 H2 QT2`�xBQMBX G� /B`2iiBp� `B+2p2 BMQHi`2 BM BM;`2bbQ BH
T�`�K2i`Q AA4R- +?2 bT2+B}+� H� pQHQMi¨ /B 2b2;mB`2 mMǶBi2`�xBQM2 T2` +HQ+FX

R9



aB `BTQ`i� /B b2;mBiQ H� bi`miim`� /2H +Q/B+2 bQ`;2Mi2 �TT2M� /2b+`BiiQ,
OBM+Hm/2 ]�TnBMiX?]
ivT2/27 �TnmBMi I3= TBt2Hc

pQB/ *QMp2MiBQM�Hn6BHi2`UTBt2H BMTminBK;(e9y 93y)- TBt2H
QmiTminBK;(e9y 93y)V

&
OT`�;K� >Ga ALh1_6�*1 �tBb TQ`i4QminBK;
OT`�;K� >Ga ALh1_6�*1 �tBb TQ`i4BMnBK;

GQQTn`Qr, 7Q` UBMi `Qr 4 yc `Qr I >1A:>h Y UL@RVfkc `QrYYV
GQQTn+QH, 7Q` BMi +QH 4 yc +QH I qA.h> Y UJ@RVfkc +QHYYV
&

OT`�;K� >Ga SAS1GAL1 AA4R

ff+Q/B+2 /2H 7BHi`Q
'

'

jXkX9XR ai`miim`2 /�iB miBHBxx�i2
�HHǶBMi2`MQ /2H /QTTBQ +B+HQ 7Q` ĕ /2}MBi� H� HQ;B+� /B T`Q+2bb�K2MiQ- M2HH�
[m�H2 +QQT2`�MQ [m�ii`Q bi`miim`2 /�iB- +QbŢ /2}MBi2,

RX HBM2n#m772`, K�i`B+2 /B /BK2MbBQMB (N − 1) × W +?2 ?� BH +QKTBiQ
/B i2M2`2 BM K2KQ`B� H2 T`BK2 N − 1 `B;?2 /2HHǶBKK�;BM2 /� 2H�#Q`�`2-
/Qp2 N ĕ HǶ�Hi2xx� /2H F2`M2H 2 W H� H�`;?2xx� /2HHǶBKK�;BM2X
ffHBM2 #m772`
bi�iB+ TBt2H HBM2n#m772`(L @ R)(qA.h>)c
OT`�;K� >Ga �__�unS�_hAhAPL p�`B�#H24HBM2n#m772` +QKTH2i2

/BK4R

6B;m`� jX3, ai`miim`� /�iB HBM2n#m772`X

R8



kX rBM/Qr, K�i`B+2 /B /BK2MbBQMB M × N +?2 `�TT`2b2Mi� H� }M2bi`� /B
b+Q``BK2MiQ /2HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2X
ffbHB/BM; rBM/Qr
bi�iB+ TBt2H rBM/Qr(L)(J)c
OT`�;K� >Ga �__�unS�_hAhAPL p�`B�#H24rBM/Qr +QKTH2i2 /BK4y

6B;m`� jXN, ai`miim`� /�iB rBM/QrX

jX F2`M2H, K�i`B+2 /B /BK2MbBQMB M × N +?2 `�TT`2b2Mi� BH F2`M2H /B
+QMpQHmxBQM2 b+2HiQ T2` HǶQT2`�xBQM2 /B }Hi`�;;BQX
ff+QMpQHmiBQM F2`M2H
bi�iB+ TBt2H F2`M2H(L)(J)c
OT`�;K� >Ga �__�unS�_hAhAPL p�`B�#H24F2`M2H +QKTH2i2 /BK4y

6B;m`� jXRy, ai`miim`� /�iB F2`M2HX

jXkX9Xk Abi`mxBQMB
AH K2++�MBbKQ /B +QQT2`�xBQM2 i`� H2 bi`miim`2 /�iB T`2p2/2 mM� 7�b2 /B BMBxB�@
HBxx�xBQM2- M2+2bb�`B� �H `B2KTBK2MiQ /B HBM2n#m772`- � b2;mBiQ /2HH� [m�H2
TQbbQMQ �p2`2 BMBxBQ B T`Q/QiiB /B +QMpQHmxBQM2X GǶ�H;Q`BiKQ ĕ /2b+`BiiQ /�B
b2;m2MiB T�bbB,

Re



RX bB �;;BQ`M�MQ 2 T`2/BbTQM;QMQ H2 bi`miim`2 /�iB rBM/Qr 2 HBM2n#m772`X
G� bi`miim`� /�iB rBM/Qr bm#Bb+2 mMQ b?B7i p2`bQ bBMBbi`�- �HHQ b+QTQ /B
HB#2`�`2 H� bm� +QHQMM� TBɍ � /2bi`� �H }M2 /B QbTBi�`2 N MmQpB TBt2H- B
[m�HB bQMQ /�iB /�HHQ b+Q``BK2MiQ /B rBM/Qr p2`bQ /2bi`� bmHHǶBKK�;BM2
/� 2H�#Q`�`2X G2 T`BK2 N − 1 +2HH2 /2HH� +QHQMM� +QbŢ HB#2`�i� p2M;QMQ
`B2KTBi2 +QM B p�HQ`B +Q``2MiB /B HBM2n#m772`X .QTQ [m2bi� QT2`�xBQM2-
H� bi`miim`� /�iB HBM2n#m772` bm#Bb+2 mMQ b?B7i p2`bQ HǶ�HiQ /2H bmQ
p2iiQ`2 p2`iB+�H2 +QM BM/B+2 /2HH� +QHQMM� +Q``2Mi2- �H }M2 /B HB#2`�`2
bT�xBQ T2` QbTBi�`2 BH T`QbbBKQ TBt2H /2HHǶBKK�;BM2 BM BM;`2bbQc
ffb?B7i /B rBM/Qr
7Q` UBMi BB 4 yc BB I Lc BBYYV
7Q` UBMi DD 4 yc DD I J @ Rc DDYYV

rBM/Qr(BB)(DD) 4 rBM/Qr(BB)(DDYR)c

ff+QTB� /2;HB L@R p�HQ`B /� HBM2 #m772` � rBM/Qr 2
bm++2bbBpQ b?B7i /B HBM2 #m772`

B7 U+QH I qA.h>V
7Q` UBMi BB 4 yc BB I L @ Rc BBYYV &

rBM/Qr(BB)(J @ R) 4 HBM2n#m772`(BB)(+QH)c

B7 UBB I L @ kV
HBM2n#m772`(BB)(+QH) 4 HBM2n#m772`(BB Y R)(+QH)c

'

6B;m`� jXRR, � bBMBbi`�, b?B7i p2`bQ bBMBbi`� /2HH� bi`miim`� /�iB rBM/QrX � /2bi`�,
+QTB� /2;HB N − 1 p�HQ`B /� HBM2n#m772` � rBM/Qr- [mBM/B b?B7i p2`bQ HǶ�HiQ /2H
p2iiQ`2 p2`iB+�H2 /B HBM2n#m772` +QM BM/B+2 /2HH� +QHQMM� +Q``2Mi2X

Rd



kX bB H2;;2 BH T`QbbBKQ TBt2H P /2HHǶBKK�;BM2 BM BM;`2bbQX h�H2 TBt2H pB2@
M2 K2KQ`Bxx�iQ M2HHǶ�M;QHQ BM72`BQ`2 /2bi`Q /B rBM/Qr HB#2`�iQ T`2+2@
/2Mi2K2Mi2 U�H }M2 /B 2b2;mB`2- bm++2bbBp�K2Mi2- H� +QMpQHmxBQM2V 2 BM
HBM2n#m772` U�H }M2 /B �;;BQ`M�`2 H2 `B;?2 K2KQ`Bxx�i2VX
SQB+?û T2` 2b2;mB`2 H� bm++2bbBp� +QMpQHmxBQM2 bQMQ M2+2bb�`B B p�HQ`B
/2HH2 T`BK2 /m2 `B;?2 /2HHǶBKK�;BM2 /B BM;`2bbQ- BH T�bbQ 1 2 BH T�bbQ
2 p2``�MMQ `BT2imiB (N − 1) · W pQHi2 b2Mx� 2b2;mB`2 BH T�bbQ 3 U+QM@
pQHmxBQM2V- �H }M2 /B BMBxB�HBxx�`2 QTTQ`imM�K2Mi2 H� bi`miim`� /�iB
HBM2n#m772`c
ffH2iim`� /B mM MmQpQ TBt2H - �;;BQ`M�K2MiQ /B rBM/Qr 2 HBM2

#m772`
B7 U+QH I qA.h> �� `Qr I >1A:>hV
&

TBt2H BMni2KT 4 BMnBK;(`Qr  qA.h> Y +QH)c
rBM/Qr(L @ R)(E1_L1GnqA.h> @ R) 4 BMni2KTc
HBM2n#m772`(L @ k)(+QH) 4 BMni2KTc

'

6B;m`� jXRk, J2++�MBbKQ /B H2iim`� /B mM MmQpQ TBt2H 2 bm� K2KQ`Bxx�xBQM2 BM
rBM/Qr 2 HBM2n#m772`X

R3



jX Q`� +?2 H� bi`miim`� /�iB HBM2n#m772` ĕ +Q``2ii�K2Mi2 BMBxB�HBxx�i�- bB
2b2;m2 H� +QMpQHmxBQM2 /B rBM/Qr +QM F2`M2H- Qii2M2M/Q BM mb+Bi� mM
p�HQ`2 +?2 p2``¨ /BpBbQ T2` H� bQKK� /B imiiB B p�HQ`B /B F2`M2H U2 � +mB
p2``¨ bQKK�iQ HǶ2p2Mim�H2 Qzb2iVX *Bǁ +QbiBimBb+2 BH TBt2H /2HHǶBKK�;BM2
/B mb+Bi� T2` H� }M2bi`� +Q``2Mi2X L2H +�bQ BM +mB rBM/Qr +QMi2M;� p�HQ`B
MQM BMBxB�HBxx�iB- bB �p`¨ bmHHǶBKK�;BM2 BM mb+Bi� mM 2z2iiQ /B #Q`/Q /B
mMǶ2MiBi¨ T`QTQ`xBQM�H2 �H T�//BM; miBHBxx�iQX
G� 7mMxBQM2 +?2 BM+�TbmH� BH T`Q/QiiQ /B +QMpQHmxBQM2- H� MQ`K�HBxx�@
xBQM2 2 HǶ�;;BmMi� /2HHǶQzb2i ĕ TBt2Hnr2B;?i2/n�p2`�;2c
ff+�H+QHQ /2H TBt2H BM mb+Bi�
B7 U`Qr =4 UL@RVfk �� +QH =4 UJ@RVfkV
&

TBt2H Qmi 4 TBt2Hnr2B;?i2/n�p2`�;2UF2`M2H- F2`MnbmK -
F2`MnQ77- rBM/QrVc

QminBK;(U`Qr @ UL@RVfkV  qA.h> Y U+QH @ UL@RVfkV) 4
Qmic

'

ffT`Q/QiiQ /B +QMpQHmxBQM2 - MQ`K�HBxx�xBQM2 2 �;;BmMi� /B
2p2Mim�H2 Q77b2i

TBt2H TBt2Hnr2B;?i2/n�p2`�;2UbnBMi F2`M2H(L)(J)- bnBMi
F2`MnbmK- bnBMi F2`MnQ77- TBt2H rBM/Qr(L)(L)V

&
OT`�;K� >Ga ALGAL1

�TnBMiIJ�*n"Aha = Qmini2KT 4 yc

TBt2H `2bmHi 4 yc

ffT`Q/QiiQ /B +QMpQHmxBQM2
1/;2nB, 7Q` UBMi B 4 yc B I Lc BYYV

1/;2nD, 7Q` UBMi D 4 yc D I Jc DYYV
Qmini2KT 4 Qmini2KT Y rBM/Qr(B)(D)  F2`M2H(B)(D)c

`2bmHi 4 Qmini2KT f F2`MnbmK Y F2`MnQ77c

`2im`M U`2bmHiVUd-yVc
'

RN



6B;m`� jXRj, S`Q/QiiQ /B +QMpQHmxBQM2- MQ`K�HBxx�xBQM2- �;;BmMi� /B 2p2Mim�H2
Qzb2i 2 �;;BQ`M�K2MiQ /2HHǶQmiTmiX

9X bB `BT`2M/2 [mBM/B /�H T�bbQ 1 }MQ �H i2`KBM2 /2H MmK2`Q /B TBt2H /2H@
HǶBKK�;BM2 BM BM;`2bbQX
_�;;BmMiQ i�H2 TmMiQ bB Qii2``¨ BM mb+Bi� HǶBKK�;BM2 }Hi`�i�X

GǶBKTH2K2Mi�xBQM2 �TT2M� BHHmbi`�i� `�TT`2b2Mi� BH #2`b�;HBQ /B QiiBKBxx�xBQ@
M2 /B [m2biQ H�pQ`QX *QK2 bB p2/`¨ M2H T�`�;`�7Q bm++2bbBpQ- HǶmiBHBxxQ /B mM�
T�`iB+QH�`2 7�KB;HB� /B F2`M2H- [m�M/Q miBHBxx�#BH2- T2`K2ii2`¨ �HHǶ�H;Q`BiKQ
/B 2bb2`2 bB;MB}+�iBp�K2Mi2 TBɍ 2{+B2Mi2X

ky



jXj AH T`Q+2bbQ /B +QMpQHmxBQM2 b2T�`�#BH2
jXjXR a2T�`�#BHBi¨ /B mM }Hi`Q
*QK2 T`2+2/2Mi2K2Mi2 �++2MM�iQ- 2bBbiQMQ bQiiQBMbB2KB /B F2`M2H /B +QMpQ@
HmxBQM2 +?2 ;Q/QMQ /B bT2+B}+?2 T`QT`B2i¨, mMQ i`� [m2biB ĕ [m2HHQ /�iQ /�B
F2`M2H b2T�`�#BHBX lM }Hi`Q K pB2M2 /2iiQ b2T�`�#BH2 b2 Tmǁ 2bb2`2 Qii2MmiQ
/�H T`Q/QiiQ 2bi2`MQ UbBK#QHQ ⊗V /B mM p2iiQ`2 +QHQMM� a +QM mM p2iiQ`2 `B;�
b,

K = a⊗ b

+QMbB/2`�M/Q mM F2`M2H K 3× 3 ;2M2`B+Q /B 2b2KTBQ- /2p2 [mBM/B p�H2`2,
⎡

⎣
a1b1 a1b2 a1b3
a2b1 a2b2 a2b3
a3b1 a3b2 a3b3

⎤

⎦ =

⎡

⎣
a1
a2
a3

⎤

⎦⊗
[
b1 b2 b3

]

6B;m`� jXR9, a+QKTQbBxBQM2 /B mM F2`M2H b2T�`�#BH2 K M2B bmQB p2iiQ`B +QKTQM2MiB
a 2 bX

a2 +Bǁ ĕ p2`B}+�iQ- BH F2`M2H `BbmHi� T2`72ii�K2Mi2 b2T�`�#BH2 M2B bmQB +QK@
TQM2MiB a 2 bX a7Q`imM�i�K2Mi2 T2`ǁ- BM i2`KBMB T`�iB+B- bQHQ mM� TB++QH�
7`�xBQM2 /2B F2`M2H /B +QMpQHmxBQM2 miBHBxx�#BHB `BbmHi�MQ 2bb2`2 T2`72ii�K2Mi2
b2T�`�#BHB- 2 +Bǁ �ppB2M2 T2` B F2`M2H /B `�M;Q 1X 1bBbiQMQ imii�pB� T`Q+2@
/BK2MiB K�i2K�iB+B BM ;`�/Q /B i`�b7Q`K�`2 mM }Hi`Q MQM b2T�`�#BH2 BM mMQ
b2T�`�#BH2- � K2MQ /B mMǶ�TT`QbbBK�xBQM2 Ui`� [m2biB- H� bBM;mH�` p�Hm2 /2@
+QKTQbBiBQM Q ao.VX

Zm2biQ iBTQ /B b+QKTQbBxBQM2 `�TT`2b2Mi� H� +?B�p2 T2` H� T`BK� QiiBKBxx�@
xBQM2 T`2b2Mi�i� BM [m2biQ T`Q;2iiQ- TQB+?û T2`K2ii2- ;`�xB2 �/ mM miBHBxxQ
QTTQ`imMQ- H� b+`Biim`� /B mM �H;Q`BiKQ BM ;`�/Q /B `BbT�`KB�`2 mM� MQi2pQH2
[m�MiBi¨ /B QT2`�xBQMB U2 [mBM/B /B `BbQ`b2V `BbT2iiQ �HHǶ�H;Q`BiKQ +QMp2MxBQM�@
H2X Zm2bi� MmQp� bQHmxBQM2 `�TT`2b2Mi� imii�pB�- M2B +�bB BM +mB BH F2`M2H MQM

kR



bB� T2`72ii�K2Mi2 b2T�`�#BH2- mMǶ�TT`QbbBK�xBQM2 /2H T`2+2/2Mi2K2Mi2 K2iQ@
/Q- T2`i�MiQ B `BbmHi�iB Qii2MmiB MQM `BbmHi2`�MMQ �/ 2bbQ b2KT`2 2[mBp�H2MiB
UK2Mi`2 HQ b�`�MMQ M2H +�bQ BM +mB BH F2`M2H miBHBxx�iQ bB� T2`72ii�K2Mi2 b2T�`�@
#BH2VX �/Qii�M/Q bi`�i2;B2 QTTQ`imM2 imii�pB�- ĕ TQbbB#BH2 `2M/2`2 �++2ii�#B@
H2 HǶ�TT`QbbBK�xBQM2 Qii2Mmi�- T2`K2ii2M/Q HǶmiBHBxxQ /B mMǶBKTH2K2Mi�xBQM2
b2KTHB+2 2/ 2{+�+2 /� T�`i2 /B bBbi2KB 2K#2//2/ +QK2 H2 6S:�X

jXjXk .2b+`BxBQM2 /2HHǶ�H;Q`BiKQ
GǶ�H;Q`BiKQ b2T�`�#BH2 /B +QMpQHmxBQM2 /B mMǶBKK�;BM2 bB /Bb+Qbi� QT2`�iBp�@
K2Mi2 /� [m2HHQ +QMp2MxBQM�H2X a2 HǶ�H;Q`BiKQ +QMp2MxBQM�H2 +QMbBbi2 BM7�iiB
BM mM� +QMpQHmxBQM2 � /m2 /BK2MbBQMB UQpp2`Q i`� /m2 K�i`B+B #B/BK2MbBQM�HBV-
HǶ�H;Q`BiKQ b2T�`�#BH2 +QMbBbi2 BMp2+2 BM /m2 +QMpQHmxBQMB �/ mM� /BK2MbBQM2X
G� ;�`�MxB� /B 2[mBp�H2Mx� i`� B /m2 T`Q+2/BK2MiB ĕ 7Q`MBi� /�HH� T`QT`B2i¨
�bbQ+B�iBp� /2HH� +QMpQHmxBQM2X

*QMbB/2`�M/Q BM7�iiB mM F2`M2H b2T�`�#BH2 K- B bmQB p2iiQ`B +QKTQM2MiB a
2 b 2/ mM� K�i`B+2 /� T`Q+2bb�`2 M - p�H2,

K ⊗M = a⊗ (b⊗M) = b⊗ (a⊗M)

a7`mii�M/Q [m2bi� T`QT`B2i¨- ĕ [mBM/B TQbbB#BH2 `Bb+`Bp2`2 HǶ�H;Q`BiKQ /B +QM@
pQHmxBQM2 /B mMǶBKK�;BM2- �`iB+QH�M/QHQ M2B b2;m2MiB T�bbB,

RX bB 2b2;m2 H� +QMpQHmxBQM2 i`� BH p2iiQ`2 p2`iB+�H2 +QKTQM2Mi2 /2H F2`M2H
T2` mM� }M2bi`� p2`iB+�H2 /B /BK2MbBQMB 2[mBp�H2MiB- TQbBxBQM�i� bmH@
HǶ�M;QHQ BM �HiQ � bBMBbi`� /2HHǶBKK�;BM2 /� T`Q+2bb�`2X AH `BbmHi�iQ +QbŢ
Qii2MmiQ pB2M2 K2KQ`Bxx�iQ bm mM� bi`miim`� /�iB /Ƕ�TTQ;;BQc

kk



6B;m`� jXR8, AHHmbi`�xBQM2 /2H T�bbQ R /2HHǶ�H;Q`BiKQ T2` mM F2`M2H 3 × 3X AH
`BbmHi�iQ /2H T`Q/QiiQ /B +QMpQHmxBQM2 i`� BH +QKTQM2Mi2 p2`iB+�H2 /2H F2`M2H a 2 H�
}M2bi`� /B /BK2MbBQMB 2[mBp�H2MiB TQbi� bmHHǶBKK�;BM2 I pB2M2 K2KQ`Bxx�i� bm mM�
bi`miim`� /�iB /B �TTQ;;BQ ItempX

kX bB `BT2i2 BH T�bbQ 1 /2HHǶ�H;Q`BiKQ N − 1 pQHi2- /Qp2 N ĕ H� /BK2MbBQM2
/2H F2`M2H- b+Q``2M/Q H� }M2bi`� p2`bQ /2bi`�c

6B;m`� jXRe, _BT2iBxBQM2 /2H T�bbQ R /2HHǶ�H;Q`BiKQ N − 1 pQHi2X

kj



jX bB 2b2;m2 H� +QMpQHmxBQM2 i`� BH p2iiQ`2 Q`BxxQMi�H2 +QKTQM2Mi2 /2H F2`@
M2H T2` mM� }M2bi`� Q`BxxQMi�H2 /B /BK2MbBQMB 2[mBp�H2MiB- TQbBxBQM�i�
bm;HB N `BbmHi�iB BMi2`K2/B T`2+2/2Mi2K2Mi2 Qii2MmiBX aB QiiB2M2 +QbŢ BH
p�HQ`2 /� MQ`K�HBxx�`2 2 � +mB bQKK�`2 mM 2p2Mim�H2 Qzb2iX AH p�HQ`2
`BbmHi�Mi2 ĕ BH TBt2H /2HHǶBKK�;BM2 }Hi`�i� BM mb+Bi�c

6B;m`� jXRd, AHHmbi`�xBQM2 /2H T�bbQ j /2HHǶ�H;Q`BiKQX

9X bB `BT2i2 BH T�bbQ 1- i`�bH�M/Q p2`bQ /2bi`� H� }M2bi`� /B b+Q``BK2MiQ-
2/ BH T�bbQ 3 }MQ �H T`Q+2bb�K2MiQ /2HHǶBMi2`� `B;� +Q``2Mi2 BM BM;`2bbQX
LQM ĕ BM7�iiB TBɍ M2+2bb�`BQ 2b2;mB`2 BH T�bbQ 2- TQB+?û ;HB N−1 `BbmHi�iB
T�`xB�HB M2+2bb�`B bQMQ ;B¨ /BbTQMB#BHB BM [m�MiQ T`2+2/2Mi2K2Mi2 +�H+Q@
H�iBX �H i2`KBM2 /2HH� `B;� +Q``2Mi2- TQB+?û ĕ M2+2bb�`BQ `2BMBxB�HBxx�`2
+QMpn#m772`- bB `BT`2M/2 MmQp�K2Mi2 �/ 2b2;mB`2 �M+?2 BH T�bbQ 2X

*QK2 bB p2/`¨ BM a2xBQM2 jXjX9 imii�pB�- HǶBKTH2K2Mi�xBQM2 bB /Bb+Qbi2`¨ H2;@
;2`K2Mi2 /�HHǶ�H;Q`BiKQ T`2b2Mi�iQ- BM �++Q`/Q �HH2 b+2Hi2 bmHH� ;2biBQM2 /2B
#Q`/B bT2+B}+�i2 BM a2xBQM2 jXkXkXkX LQM bB �p`¨ BM7�iiB mM� 7�b2 /B BMBxB�HBx@
x�xBQM2 /2HH� bi`miim`� /�iB /2Tmi�i� �HH� K2KQ`Bxx�xBQM2 /2B `BbmHi�iB BMi2`@
K2/B- K� bB 2b2;mB`�MMQ }M /� bm#BiQ B T�bbB 1 2 3 b2Mx� 2b2;mB`2 BH T�bbQ 2X
L2HH� b2xBQM2 +?2 b2;m2 bB i2``¨ T2`i�MiQ +QMiQ /2HH� +QKTH2bbBi¨ +QKTmi�xBQ@
M�H2 /2HHǶBKTH2K2Mi�xBQM2 2 MQM /2HHǶ�H;Q`BiKQ UTm` /Bb+Qbi�M/QbB /� [m2bi�
/B [m�MiBi¨ i`�b+m`�#BHBVX

k9



jXjXj *QKTH2bbBi¨ +QKTmi�xBQM�H2
S2` [m2biQ �H;Q`BiKQ- H2 QT2`�xBQMB 2H2K2Mi�`B M2+2bb�`B2 � +QM7`QMiQ +QM
HǶ�H;Q`BiKQ +QMp2MxBQM�H2 bQMQ 2H2M+�i2 BM h�#2HH� jXjX

PT2`�xBQMB *QKTH2bbBi¨
+QMp2MxBQM�H2

*QKTH2bbBi¨
b2T�`�#BH2

JQHiBTHB+�xBQMB MN ·WH (M +N) ·WH

aQKK2 (MN − 1) ·WH 2(N − 1) ·WH

.BpBbBQMB WH WH

hQi�H2 2MN ·WH (M + 3N − 1) ·WH

.Bz2`2Mx� (2MN −M − 3N + 1) ·WH

h�#2HH� jXj, *QKTH2bbBi¨ /2HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2 +QMp2MxBQM�H2 UK�;;BQ`2V
� +QM7`QMiQ +QM [m2HH� /2HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2 b2T�`�#BH2 UKBMQ`2VX

G2 QT2`�xBQMB M2+2bb�`B2 T2` H2 �TTHB+�xBQMB /B [m2biQ T`Q;2iiQ bQMQ BMp2@
+2 2H2M+�i2 BM h�#2HH� jX9- � +QM7`QMiQ +QM [m2HH2 ;B¨ pBbi2 T2` BH K2iQ/Q
+QMp2MxBQM�H2X

E2`M2H PT2`�xBQMB
+QMp2MxBQM�H2

PT2`�xBQMB
b2T�`�#BH2 .Bz2`2Mx�

3× 3 8 8kN eyy j jdN kyy k R8y 9yy
5× 5 R8 jey yyy 8 3je 3yy N 8kj kyy
7× 7 jy Ry8 eyy 3 kN9 9yy kR 3RR kyy
9× 9 9N dee 9yy Ry d8k yyy jN yR9 9yy
11× 11 d9 j9k 9yy Rj kyN eyy eR Rjk 3yy
13× 13 Ryj 3jj eyy R8 eed kyy 33 Ree 9yy
15× 15 Rj3 k9y yyy R3 Rk9 3yy Rky RR8 kyy
17× 17 Rdd 8eR eyy ky 83k 9yy R8e NdN kyy

h�#2HH� jX9, LmK2`Q /B QT2`�xBQMB M2+2bb�`B2 �HHǶ2H�#Q`�xBQM2 /B mMǶBKK�;BM2
640 × 480 T2` HǶ�H;Q`BiKQ /B +QMpQHmxBQM2 b2T�`�#BH2 � +QM7`QMiQ +QM HǶ�H;Q`BiKQ
/B +QMpQHmxBQM2 +QMp2MxBQM�H2X L2HH� +QHQMM� .Bz2`2Mx� ĕ TQbbB#BH2 pBbm�HBxx�`2 BH
MmK2`Q /B QT2`�xBQMB `BbT�`KB�i2X
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jXjX9 .2b+`BxBQM2 /2HHǶBKTH2K2Mi�xBQM2
AM oBp�/Q >Ga- HǶ�H;Q`BiKQ �TT2M� /2b+`BiiQ pB2M2 BKTH2K2Mi�iQ �HHǶBMi2`MQ
/B mM� 7mMxBQM2 [mB /2MQKBM�i� a2T�`�#H2n6BHi2`X GǶQ`;�MBxx�xBQM2 /B i�H2
7mMxBQM2 ĕ �M�HQ;� � [m2HH� pBbi� T2` HǶ�H;Q`BiKQ +QMp2MxBQM�H2X

a2 M2 `BTQ`i� /B b2;mBiQ H� bi`miim`� M2H +Q/B+2 bQ`;2Mi2,
OBM+Hm/2 ]�TnBMiX?]
ivT2/27 �TnmBMi I3= TBt2Hc

pQB/ a2T�`�#H2n6BHi2`UTBt2H BMTminBK;(e9y 93y)- TBt2H QmiTminBK;
(e9y 93y)V

&
OT`�;K� >Ga ALh1_6�*1 �tBb TQ`i4QminBK;
OT`�;K� >Ga ALh1_6�*1 �tBb TQ`i4BMnBK;

GQQTn`Qr, 7Q` UBMi `Qr 4 yc `Qr I >1A:>h Y UL@RVfkc `QrYYV
GQQTn+QH, 7Q` BMi +QH 4 yc +QH I qA.h> Y UJ@RVfkc +QHYYV
&

OT`�;K� >Ga SAS1GAL1 AA4R

ff+Q/B+2 /2H 7BHi`Q
'

'

jXjX9XR ai`miim`2 /�iB miBHBxx�i2
G2 bi`miim`2 /�iB �HHQ+�i2 T2` [m2biQ �H;Q`BiKQ bQMQ H2 bi2bb2 pBbi2 BM a2@
xBQM2 jXkX9XR- +QM HǶ2++2xBQM2 /B rBM/Qr- H� [m�H2 MQM ĕ TBɍ mM� K�i`B+2 /B
/BK2MbBQM2 M ×N - K� mM p2iiQ`2 /B HmM;?2xx� N X
ffbHB/BM; rBM/Qr
bi�iB+ TBt2H rBM/Qr(L)c
OT`�;K� >Ga �__�unS�_hAhAPL p�`B�#H24rBM/Qr +QKTH2i2 /BK4y

6B;m`� jXR3, ai`miim`� /�iB rBM/Qr T2` HǶBKTH2K2Mi�xBQM2 b2T�`�#BH2X

ke



oB2M2 BMQHi`2 BMi`Q/Qii� mM� bi`miim`� /�iB �;;BmMiBp� /B �TTQ;;BQ `BbT2iiQ �H@
HǶBKTH2K2Mi�xBQM2 +QMp2MxBQM�H2- �H }M2 /B K2KQ`Bxx�`2 B `BbmHi�iB BMi2`K2/B
/B Q;MB T�bbQ +QMpQHmiBpQX 1bb� ĕ mM p2iiQ`2 /B BMi2`B /BK2MbBQM2 N −1X h�H2
bi`miim`� /�iB- [mB /2MQKBM�i� +QMpn#m772`- `�TT`2b2Mi� BH +QbiQ �;;BmMiBpQ
BM i2`KBMB �HHQ+�xBQM2 /B K2KQ`B� `BbT2iiQ �HHǶBKTH2K2Mi�xBQM2 +QMp2MxBQM�@
H2X *QK2 bB �p`¨ KQ/Q /B �TT`2xx�`2 K2;HBQ M2HH2 b2xBQMB bm++2bbBp2- imii�@
pB�- +Bǁ +QbiBimBb+2 mM +QKT`QK2bbQ 2bi`2K�K2Mi2 p�Mi�;;BQbQ BM i2`KBMB /B
miBHBxxQ /B `BbQ`b2 +QKTH2bbBpQX
ff#m772` /B +QMpQHmxBQM2
bi�iB+ TBt2H +QMpn#m772`(L@R)c
OT`�;K� >Ga �__�unS�_hAhAPL p�`B�#H24+QMpn#m772` +QKTH2i2 /BK4y

6B;m`� jXRN, ai`miim`� /�iB +QMpn#m772`X

jXjX9Xk Abi`mxBQMB
AH K2++�MBbKQ /B +QQT2`�xBQM2 i`� H2 bi`miim`2 /�iB T`2p2/2- +QK2 T2` HǶ�H@
;Q`BiKQ +QMp2MxBQM�H2- H� 7�b2 /B BMBxB�HBxx�xBQM2 M2+2bb�`B� �H `B2KTBK2M@
iQ /B HBM2n#m772`- � b2;mBiQ /2HH� [m�H2 TQbbQMQ �p2`2 BMBxBQ B T`Q/QiiB /B
+QMpQHmxBQM2 b2T�`�#BHBX GǶ�H;Q`BiKQ ĕ /2b+`BiiQ /�B b2;m2MiB T�bbB,

RX bB �;;BQ`M�MQ 2 T`2/BbTQM;QMQ H2 bi`miim`2 /�iB rBM/Qr 2 HBM2n#m772`X
G2 T`BK2 N−1 +2HH2 /2HH� bi`miim`� /�iB rBM/Qr p2M;QMQ `B2KTBi2 +QM B
p�HQ`B +Q``2MiB /B HBM2n#m772`- K2Mi`2 H� bi`miim`� /�iB HBM2n#m772`
bm#Bb+2 mMQ b?B7i p2`bQ HǶ�HiQ /2H bmQ p2iiQ`2 p2`iB+�H2 +QM BM/B+2 /2H@
H� +QHQMM� +Q``2Mi2- �H }M2 /B HB#2`�`2 bT�xBQ T2` BH T`QbbBKQ TBt2H
/2HHǶBKK�;BM2 BM BM;`2bbQc
ff+QTB� /2;HB L@R p�HQ`B /� HBM2 #m772` � rBM/Qr 2 b?B7i /B

HBM2 #m772`
7Q`UBMi B 4 yc B I L @ Rc BYYV
&

rBM/Qr(B) 4 HBM2n#m772`(B)(+QH)c
B7 UB I L @ kV

HBM2n#m772`(B)(+QH) 4 HBM2n#m772`(B Y R)(+QH)c
'

kd



6B;m`� jXky, *QTB� /2;HB N−1 p�HQ`B /�HH� bi`miim`� /�iB HBM2n#m772` � rBM/Qr
2 b?B7i /B HBM2n#m772`X

kX bB H2;;2 BH T`QbbBKQ TBt2H P /2HHǶBKK�;BM2 BM BM;`2bbQX h�H2 TBt2H pB2M2
K2KQ`Bxx�iQ M2HHǶmHiBK� +2HH� BM #�bbQ /B rBM/Qr- MQM `B2KTBi� T`2+2@
/2Mi2K2Mi2- U�H }M2 /B 2b2;mB`2- bm++2bbBp�K2Mi2- H� +QMpQHmxBQM2V 2 BM
HBM2n#m772` U�H }M2 /B �;;BQ`M�`2 H2 `B;?2 K2KQ`Bxx�i2VX
SQB+?û T2` 2b2;mB`2 H� bm++2bbBp� +QMpQHmxBQM2 bQMQ M2+2bb�`B B p�HQ`B
/2HH2 T`BK2 /m2 `B;?2 /2HHǶBKK�;BM2 /B BM;`2bbQ- BH T�bbQ 1 2 BH T�bbQ
2 p2``�MMQ `BT2imiB (N − 1) · W pQHi2 b2Mx� 2b2;mB`2 BH T�bbQ 3 U+QM@
pQHmxBQM2V- �H }M2 /B BMBxB�HBxx�`2 QTTQ`imM�K2Mi2 H� bi`miim`� /�iB
HBM2n#m772`c
ffH2iim`� /B mM MmQpQ TBt2H - �;;BQ`M�K2MiQ /B rBM/Qr 2 HBM2

#m772`
B7U+QH I qA.h> �� `Qr I >1A:>hV
&

TBt2H BMni2KT 4 BMnBK;(`Qr  AJ:nqA.h> Y +QH)c
rBM/Qr(L @ R) 4 BMni2KTc
HBM2n#m772`(L @ k)(+QH) 4 BMni2KTc

'
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6B;m`� jXkR, J2++�MBbKQ /B H2iim`� /B mM MmQpQ TBt2H 2 bm� K2KQ`Bxx�xBQM2 BM
rBM/Qr 2 HBM2n#m772`X

jX Q`� +?2 H� bi`miim`� /�iB HBM2n#m772` ĕ +Q``2ii�K2Mi2 BMBxB�HBxx�i�-
bB 2b2;m2 H� +QMpQHmxBQM2 /B rBM/Qr +QM H� T`BK� +QHQMM� /B F2`M2HXk
Zm2bi� QT2`�xBQM2 7Q`MBb+2 BH p�HQ`2 BMi2`K2/BQ +QM BH [m�H2 bB Tmǁ 2b2@
;mB`2 H� +QMpQHmxBQM2 i`� +QMpn#m772` 2/ BH +QKTQM2Mi2 p2iiQ`2 p2`iB@
+�H2 /2H F2`M2H b2T�`�#BH2X aB QiiB2M2 [mBM/B BH p�HQ`2 +?2 p2``¨ /BpBbQ T2`
H� bQKK� /B imiiB B p�HQ`B /B F2`M2H U2 � +mB p2``¨ bQKK�iQ HǶ2p2Mim�H2
Qzb2iV- BH [m�H2 +QbiBimBb+2 BH p�HQ`2 /2H TBt2H BM QmiTmiX *QMi2KTQ`�M2�@
K2Mi2 �HH� b2+QM/� +QMpQHmxBQM2- pB2M2 2b2;mBiQ mMQ b?B7i p2`bQ bBMBbi`�
/B +QMpn#m772`- �H }M2 /B HB#2`�`2 bT�xBQ T2` H� K2KQ`Bxx�xBQM2 /2H `B@
bmHi�iQ BMi2`K2/BQ /2HH� T`BK� +QMpQHmxBQM2X L2H +�bQ BM +mB rBM/Qr
+QMi2M;� p�HQ`B MQM �M+Q`� BMBxB�HBxx�iB- bB �p`¨ bmHHǶBKK�;BM2 BM mb+Bi�
mM 2z2iiQ /B #Q`/Q /B mMǶ2MiBi¨ T`QTQ`xBQM�H2 �H T�//BM; miBHBxx�iQX G�
7mMxBQM2 +?2 BM+�TbmH� BH T`Q/QiiB /B +QMpQHmxBQM2- H� MQ`K�HBxx�xBQM2
2 HǶ�;;BmMi� /2HHǶQzb2i ĕ TBt2Hnr2B;?i2/n�p2`�;2nb2T�`�#H2c

kT2` ;HB miBHBxxB T`�iB+B /B [m2biQ }Hi`Q- bB ĕ �bbmMiQ +?2 B +QKTQM2MiB p2iiQ`2 p2`iB+�H2 2
p2iiQ`2 Q`BxxQMi�H2 /2H F2`M2H b2T�`�#BH2 +QBM+B/�MQ b2KT`2- `BbT2iiBp�K2Mi2- +QM H� T`BK�
+QHQMM� 2 H� T`BK� `B;� /2H F2`M2H bi2bbQX AM ;2M2`�H2- imii�pB�- +Bǁ MQM ĕ b2KT`2 K�i2K�@
iB+�K2Mi2 p2`B}+�iQX SQbbQMQ BM7�iiB 2bBbi2`2 F2`M2H b2T�`�#BHB B +mB +QKTQM2MiB p2`iB+�H2 2
Q`BxxQMi�H2 MQM bB�MQ m;m�HB- `BbT2iiBp�K2Mi2- �HH� HQ`Q T`BK� +QHQMM� 2 T`BK� `B;�X
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ff+�H+QHQ /2H TBt2H BM mb+Bi�
B7 U`Qr =4 UL@RVfk �� +QH =4 UJ@RVfkV
&

TBt2H Qmi 4 TBt2Hnr2B;?i2/n�p2`�;2UF2`M2H- F2`MnbmK -
F2`MnQ77- rBM/QrVc

QminBK;(U`Qr @ UL@RVfkV  qA.h> Y U+QH @ UL@RVfkV) 4
Qmic

'

ffT`Q/QiiB /B +QMpQHmxBQM2 - MQ`K�HBxx�xBQM2 2 �;;BmMi� /B
2p2Mim�H2 Q77b2i

TBt2H TBt2Hnr2B;?i2/n�p2`�;2nb2T�`�#H2
UbnBMi F2`M2Hn?(L)- bnBMi F2`M2Hnp(L)- bnBMi F2`MnbmK -

bnBMi F2`MnQ77 - TBt2H rBM/Qr(L)V
&
OT`�;K� >Ga ALGAL1

bi�iB+ �TnBMiI*PLon"l661_n"Aha = +QMpQHmiBQMn#m772`(L)c

�TnBMiI*PLon"l661_n"Aha = i2KTnp 4 yc
�TnBMiI_1alGhn"Aha = i2KTn? 4 yc

TBt2H `2bmHi 4 yc

p2`iB+�Hn+QMpQHmiBQM, 7Q`UBMi B 4 yc B I Lc BYYV
i2KTnp 4 i2KTnp Y F2`M2Hnp(B)  rBM/Qr(B)c

?Q`BxQMi�Hnb?B7i, 7Q`UBMi D 4 yc D I L@Rc DYYV
&

+QMpQHmiBQMn#m772`(D) 4 +QMpQHmiBQMn#m772`(D Y R)c
i2KTn? 4 i2KTn? Y +QMpQHmiBQMn#m772`(D) F2`M2Hn?(D)c

'

i2KTn? 4 i2KTn? Y i2KTnp  F2`M2Hn?(L @ R)c
+QMpQHmiBQMn#m772`(L @ R) 4 i2KTnpc

`2bmHi 4 i2KTn? f F2`MnbmK Y F2`MnQ77c

`2im`M U`2bmHiVUSAs1Gn"Aha @ R-yVc
'
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6B;m`� jXkk, S`Q/QiiB /B +QMpQHmxBQM2 2 b?B7i /B +QMpn#m772`- MQ`K�HBxx�xBQM2-
�;;BmMi� /B 2p2Mim�H2 Qzb2i 2 �;;BQ`M�K2MiQ /2HHǶQmiTmiX

9X bB `BT`2M/2 [mBM/B /�H T�bbQ 1 }MQ �H i2`KBM2 /2H MmK2`Q /B TBt2H /2H@
HǶBKK�;BM2 BM BM;`2bbQX
_�;;BmMiQ i�H2 TmMiQ bB Qii2``¨ BM mb+Bi� HǶBKK�;BM2 }Hi`�i�X

jR



*�TBiQHQ 9

GǶ�`BiK2iB+� }t2/@TQBMi

G� K2iQ/QHQ;B� /B `�TT`2b2Mi�xBQM2 /2B MmK2`B ĕ mM �bT2iiQ +?2 �bbmK2 BM BM@
7Q`K�iB+� mM `mQHQ +`m+B�H2- TQB+?û /2i2`KBM� BH +�`B+Q /B 2H�#Q`�xBQM2 /2B T`Q@
+2bbQ`B /2Tmi�iB �HHǶ2b2+mxBQM2 /2HH2 HQ`Q QT2`�xBQMB K�i2K�iB+?2 UM2H MQbi`Q
+�bQ- B .aSbVX A MmK2`B `2�HB TQbbQMQ 2bb2`2 `�TT`2b2Mi�iB b2+QM/Q /m2 KQ/�@
HBi¨, BM �`BiK2iB+� }t2/@TQBMi UQ � pB`;QH� }bb�V 2 BM �`BiK2iB+� ~Q�iBM;@TQBMi
UQ � pB`;QH� KQ#BH2VX

9XR 6Bt2/@TQBMi pbX ~Q�iBM;@TQBMi
9XRXR 6Bt2/@TQBMi
G� `�TT`2b2Mi�xBQM2 K2/B�Mi2 �`BiK2iB+� }t2/@TQBMi T`2p2/2 +?2 BH MmK2`Q
`2�H2 +?2 bB pmQH2 `�TT`2b2Mi�`2 p2M;� K�Mi2MmiQ BM K2KQ`B� bQiiQ 7Q`K� /B
MmK2`Q BMi2`QX h�H2 BMi2`Q ĕ Qii2MmiQ KQHiBTHB+�M/Q BH MmK2`Q BM BM;`2bbQ T2`
mM p�HQ`2 T�`B �/ mM� TQi2Mx� /B /m2- /2iiQ 7�iiQ`2 /B b+�H�- [mBM/B i`QM+�M/Q
H� T�`i2 /2+BK�H2 /2H p�HQ`2 +QbŢ Qii2MmiQ Ui`�KBi2 mM +�bi �/ BMiV,

}t2/ TQBMi = ⌊BMTmi · 7�iiQ`2 /B b+�H�⌋

/Qp2,
7�iiQ`2 /B b+�H� = 2#Bib

AH p�HQ`2 BMi2`Q `BbmHi�Mi2 /� [m2bi2 QT2`�xBQMB +Q``BbTQM/2 �HH� `�TT`2b2Mi�@
xBQM2 }t2/@TQBMi /2H MmK2`Q BM BM;`2bbQX S2` `BQii2M2`2 BH MmK2`Q Q`B;BM�H2- �
K2MQ /B mMǶ�TT`QbbBK�xBQM2- b�`¨ bm{+B2Mi2 /BpB/2`2 HǶBMi2`Q }t2/@TQBMi T2`
BH 7�iiQ`2 /B b+�H�X GǶ2MiBi¨ /2HHǶ�TT`QbbBK�xBQM2 ĕ /2i2`KBM�i� /�H MmK2`Q /B
#Bi /2/B+�iB �HH� T�`i2 /2+BK�H2 2 �HH� T�`i2 BMi2`� /2HH� `�TT`2b2Mi�xBQM2, B
T`BKB bQMQ T�`B �HHǶ2bTQM2Mi2 /2H 7�iiQ`2 /B b+�H�- K2Mi`2 B b2+QM/B bQMQ T�`B

jk



�HH� /Bz2`2Mx� i`� B #Bi /2/B+�iB �H iBTQ /B /�iQ BMi2`Q b+2HiQ T2` 2b2;mB`2 BH
+�bi 2 HǶ2bTQM2Mi2 /2H 7�iiQ`2 /B b+�H�,

#Bi T�`i2 /2+BK�H2 = HQ;2 U7�iiQ`2 /B b+�H�V = #Bib

#Bi T�`i2 BMi2`� = #Bi iBTQ /B /�iQ − 7�iiQ`2 /B b+�H�
G� TQbBxBQM2 /2HH� pB`;QH� b�`¨ [mBM/B }bb�- T2`+?û bi�#BHBi� � T`BQ`B /� [m2@
bi2 [m�MiBi¨- 2 p2``¨ K2KQ`Bxx�i� BMi2`M�K2Mi2 /�H T`Q;`�KK� +?2 2H�#Q`�
B MmK2`B +QbŢ `�TT`2b2Mi�iB /m`�Mi2 imii� H� bm� 2b2+mxBQM2X AH p�Mi�;;BQ
T`BM+BT�H2 /2HHǶmiBHBxxQ /B mMǶ�`BiK2iB+� }t2/@TQBMi T2` H� `�TT`2b2Mi�xBQM2
/2B /�iB ĕ /�iQ /�HHǶ2{+B2Mx� /2HH� HQ`Q 2H�#Q`�xBQM2- TQB+?û H� K2KQ`Bxx�@
xBQM2 /B mM p�HQ`2 BMi2`Q BM K2KQ`B� T2`K2ii2 �/ mM T`Q+2bbQ`2 /B b7`mii�`2
H2 MmK2`Qb2 QiiBKBxx�xBQMB /B +mB /BbTQM2 T2` HǶ2H�#Q`�xBQM2 /B [m2biQ iBTQ
/B /�iQX hmii�pB�- HǶmiBHBxxQ /B [m2bi� �`BiK2iB+� BKTQM2 �M+?2 mM HBKBi2
bB;MB}+�iBpQ �HHǶ�++m`�i2xx� /2B MmK2`B `�TT`2b2Mi�#BHB- TQB+?û bi�#BHBb+2 mM
pBM+QHQ bmHH� [m�MiBi¨ /B #Bi /2/B+�iB �HH� T�`i2 BMi2`� 2 �HH� T�`i2 /2+BK�H2X
Zm2bi� `�TT`2b2Mi�xBQM2 `BbmHi� T2`i�MiQ QiiBK�H2 BM bBim�xBQMB BM +mB ĕ `B@
+?B2bi� mM� T`2+BbBQM2 �bbQHmi�- K� Tmǁ `BbmHi�`2 MQM QiiBK�H2 BM bBim�xBQMB
+?2 `B+?B2/QMQ mM� T`2+BbBQM2 `2H�iBp� bT2+B}+� T2` B /Bz2`2MiB p�HQ`B 2H�#Q@
`�iBX AM [m2biǶmHiBKQ +�bQ- bB Tmǁ +QKmM[m2 b+2;HB2`2 /B K�Mi2M2`2 [m2bi�
`�TT`2b2Mi�xBQM2 BMi2`� U+QM B p�Mi�;;B +?2 2bb� +QKTQ`i�V KQ/mH�M/Q QT@
TQ`imM�K2Mi2 BH MmK2`Q /B #Bi �bb2;M�iB �HH� T�`i2 BMi2`� 2 /2+BK�H2- +QbŢ /�
bQ//Bb7�`2 �M+?2 `2[mBbBiB /B T`2+BbBQM2 2H2p�iBX AM �Hi2`M�iBp�- Tmǁ `BbmHi�`2
QiiBK�H2 mM� `�TT`2b2Mi�xBQM2 #�b�i� bm mMǶ�`BiK2iB+� ~Q�iBM;@TQBMiX

9XRXk 6HQ�iBM;@TQBMi
lM MmK2`Q `�TT`2b2Mi�iQ BM �`BiK2iB+� ~Q�iBM;@TQBMi MQM ?� BM7�iiB mM Mm@
K2`Q bT2+B}+Q /B #Bi /2/B+�iB �HH� T�`i2 BMi2`� Q �HH� T�`i2 /2+BK�H2X .Bp2`b�@
K2Mi2- 2bbQ `Bb2`p� mM +2`iQ MmK2`Q /B #Bi T2` mM p�HQ`2- /2iiQ K�MiBbb�- 2 mM
+2`iQ MmK2`Q /B #Bi T2` mM 2bTQM2Mi2- +?2 K�MiB2M2 BM K2KQ`B� H� TQbBxBQM2
/2HH� pB`;QH�X �M�HQ;�K2Mi2 �H K2iQ/Q /B MQi�xBQM2 b+B2MiB}+�- BH p�HQ`2 BM
�`BiK2iB+� ~Q�iBM;@TQBMi ĕ /�iQ /�H T`Q/QiiQ i`� H� K�MiBbb� 2 BH MmK2`Q k
2H2p�iQ �HHǶ2bTQM2Mi2,

~Q�iBM; TQBMi = K�MiBbb� · 22bTQM2Mi2

AM [m2bi� �`BiK2iB+� [mBM/B- H� `�TT`2b2Mi�xBQM2 /2H MmK2`Q TQ`i� +QM bû HǶBM@
7Q`K�xBQM2 bmHH� TQbBxBQM2 /2HH� pB`;QH�- H� [m�H2 MQM ?� T2`i�MiQ #BbQ;MQ /B
2bb2`2 bi�#BHBi� � T`BQ`B- K� `�TT`2b2Mi� mMǶBM7Q`K�xBQM2 +QMi2Mmi� BM Q;MB
MmK2`Q bi2bbQX *Bǁ +QKTQ`i� +?2 H� pB`;QH� TQbb� KmQp2`bB HmM;Q imiiQ BH Mm@
K2`Q- T2`K2ii2M/Q /B `�TT`2b2Mi�`2 BMi2`p�HHB /B p�HQ`B �M+?2 KBHBQMB /B pQHi2

jj



TBɍ TB++QHB /B [m2HHB Qz2`iB /� mM� `�TT`2b2Mi�xBQM2 }t2/@TQBMi- ;�`�Mi2M/Q
mMǶ2bi`2K� T`2+BbBQM2X hmii�pB�- MQMQbi�Mi2 [m2bi� �`BiK2iB+� K2ii� � /B@
bTQbBxBQM2 mM� TQi2Mi2 ~2bbB#BHBi¨- 2bb� `BbmHi� KQHiQ QM2`Qb� � HBp2HHQ +QKTm@
i�xBQM�H2- TQB+?û `B+?B2/2 HǶ2b2+mxBQM2 /B QT2`�xBQMB +QKTH2bb2 2 /BbT2M/BQb2X
S2` [m2bi� `�;BQM2- 2bb� `BbmHi� mM� b+2Hi� +QMp2MB2Mi2 T2` �TTHB+�xBQMB BM
+mB HǶ�Hi� T`2+BbBQM2 +QbiBimBb+2 mM� T`BQ`Bi¨- K2Mi`2 Tmǁ `BbmHi�`2 mM +QHHQ
/B #QiiB;HB� T2` bBbi2KB +?2 K2iiQMQ � /BbTQbBxBQM2 mM ?�`/r�`2 +QM `BbQ`@
b2 HBKBi�i2X :HB miBHBxxB /B [m2biQ H�pQ`Q `B2Mi`�MQ BM [m2biǶmHiBK� +�bBbiB+�-
T2`i�MiQ H� `�TT`2b2Mi�xBQM2 /2B MmK2`B �/Qii�i� b�`¨ /B iBTQ }t2/@TQBMiX

9Xk GǶQiiBKBxx�xBQM2 K2/B�Mi2 }t2/@TQBMi
*QK2 bB ĕ TQimiQ Qbb2`p�`2 M2HH2 /2b+`BxBQMB /2HH2 BKTH2K2Mi�xBQMB T`2b2Mi�i2
BM a2xBQM2 jXkX9 2 BM a2xBQM2 jXjX9- BH iBTQ /B /�iQ miBHBxx�iQ T2` HǶ2H�#Q`�xBQ@
M2 /2B p�HQ`B /2B TBt2H /2HH2 BKK�;BMB 2 /2B F2`M2H /B +QMpQHmxBQM2 ĕ b2KT`2
TBt2H- QbbB� mM BMi2`Q U`B/2}MBiQ i`�KBi2 O/27BM2V /B /27�mHi � 8 #BiX hmii�@
pB�- B F2`M2H /B +QMpQHmxBQM2 miBHBxx�#BHB MQM bQMQ b2KT`2 +QKTQbiB /� MmK2`B
BMi2`B- K� bQMQ �MxB- KQHiQ TBɍ bT2bbQ- �M+?2 +QKTQbiB /� p�HQ`B `2�HBX *B bB
TQi`2##2 T2`i�MiQ /QK�M/�`2 +QK2 HǶmiBHBxxQ /B mM iBTQ /B /�iQ BMi2`Q bB�
+QKT�iB#BH2 +QM HǶ2H�#Q`�xBQM2 /B p�HQ`B BM BM;`2bbQ /B iBTQ `2�H2, +Bǁ ĕ TQb@
bB#BH2 ;`�xB2 �HHǶmiBHBxxQ /2HH� `�TT`2b2Mi�xBQM2 }t2/@TQBMiX *QK2 �++2MM�iQ
M2H T�`�;`�7Q T`2+2/2Mi2- H� TB�ii�7Q`K� miBHBxx�i� BM [m2biQ T`Q;2iiQ K2ii2
� /BbTQbBxBQM2 mM MmK2`Q /B `BbQ`b2 HBKBi�iQ- +?2 `BbmHi�MQ T2`i�MiQ BM+QKT�@
iB#BHB +QM HǶmiBHBxxQ /B mMǶ�`BiK2iB+� ~Q�iBM;@TQBMi `B+?B2bi� T2` mM� T2`72ii�
`�TT`2b2Mi�xBQM2 /B i�HB p�HQ`BX G� bQHmxBQM2 �/Qii�i� ĕ bi�i� [mBM/B /B miBHBx@
x�`2 mM� `�TT`2b2Mi�xBQM2 BM �`BiK2iB+� }t2/@TQBMi- b�+`B}+�M/Q mM� T�`i2
/B T`2+BbBQM2 �H }M2 /B T2`K2ii2`2 HǶ2H�#Q`�xBQM2 /B i�HB p�HQ`B `2�HB bmH /BbTQ@
bBiBpQ /B `B72`BK2MiQXR A p�HQ`B `�TT`2b2Mi�iB BMi2`M�K2Mi2 [mBM/B- BM �++Q`/Q
+QM [m�MiQ T`2+2/2Mi2K2Mi2 /2b+`BiiQ- `BbmHi2`�MMQ 2bb2`2 mMǶ�TT`QbbBK�xBQ@
M2 /2B p�HQ`B Q`B;BM�HB- +QKTQ`i�M/Q mM� `2b� MQM T2`72ii� /2HHǶBKK�;BM2 BM
mb+Bi�X hmii�pB�- +QK2 bB p2/`¨ M2;HB 2b2KTB b2;m2MiB- bB 7�`¨ BM KQ/Q +?2
i�H2 /Bb�HHBM2�K2MiQ `BbmHiB i`�b+m`�#BH2X

�bbmK2M/Q mM F2`M2H K 3× 3 /B 2b2KTBQ 2/ mM� }M2bi`� F 3× 3 /B 2b2KTBQ,

K =

⎡

⎣
0.13 −7.61 12.10
−0.33 0.07 5.82
1.43 −9.49 3.43

⎤

⎦ , F =

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

R+QbiBimB`2##2 BM7�iiB mM� 7Q`i2 HBKBi�xBQM2 T2`K2ii2`2 HǶ2H�#Q`�xBQM2 /B bQHB F2`M2H
+QKTQbiB /� MmK2`B BMi2`BX
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BH HQ`Q T`Q/QiiQ /B +QMpQHmxBQM2 K ⊗ F ĕ 2b�ii�K2Mi2,

K ⊗ F = 33, 2959

�M�HBxxB�KQ Q`� BH p�HQ`2 Qii2MmiQ +QMpQHp2M/Q H� }M2bi`� BM BM;`2bbQ +QM
H� `�TT`2b2Mi�xBQM2 }t2/@TQBMi /2H F2`M2H miBHBxx�iQ- +QM7`QMi�M/QHQ +QM BH
`BbmHi�iQ Q`B;BM�H2 �H p�`B�`2 /2B #Bi /2/B+�iB �HH� `�TT`2b2Mi�xBQM2 /2HH2 +B7`2
/2+BK�HB /2H F2`M2H UQpp2`Q HǶ2bTQM2Mi2 /2H 7�iiQ`2 /B b+�H�V,

R #Bi U7�iiQ`2 /B b+�H� 4 21),

`QmM/(K × 21) =

⎡

⎣
0 −15 24
−1 0 12
3 −19 7

⎤

⎦

⎡

⎣
0 −15 24
−1 0 12
3 −19 7

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

21
= 32, 5

∆ = 33, 2959− 32, 5 = 0, 7959

k #Bi U7�iiQ`2 /B b+�H� 4 22),

`QmM/(K × 22) =

⎡

⎣
1 −30 48
−1 0 23
6 −38 14

⎤

⎦

⎡

⎣
1 −30 48
−1 0 23
6 −38 14

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

22
= 33, 5

∆ = 33, 2959− 33, 5 = −0, 2041
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j #Bi U7�iiQ`2 /B b+�H� 4 23),

`QmM/(K × 23) =

⎡

⎣
1 −61 97
−3 1 47
11 −76 27

⎤

⎦

⎡

⎣
1 −61 97
−3 1 47
11 −76 27

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

23
= 33, 5

∆ = 33, 2959− 33, 5 = −0, 2041

9 #Bi U7�iiQ`2 /B b+�H� 4 24),

`QmM/(K × 24) =

⎡

⎣
2 −122 194
−5 1 93
23 −152 55

⎤

⎦

⎡

⎣
2 −122 194
−5 1 93
23 −152 55

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

24
= 33, 3125

∆ = 33, 2959− 33, 3125 = −0, 0166

8 #Bi U7�iiQ`2 /B b+�H� 4 25),

`QmM/(K × 25) =

⎡

⎣
4 −244 387

−11 2 186
46 −304 110

⎤

⎦

⎡

⎣
4 −244 387

−11 2 186
46 −304 110

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

25
= 33, 0312

je



∆ = 33, 2959− 33, 0312 = 0, 2647

e #Bi U7�iiQ`2 /B b+�H� 4 26),

`QmM/(K × 26) =

⎡

⎣
8 −487 774

−21 4 372
92 −607 220

⎤

⎦

⎡

⎣
8 −487 774

−21 4 372
92 −607 220

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

26
= 33, 2344

∆ = 33, 2959− 33, 2344 = 0, 0615

d #Bi U7�iiQ`2 /B b+�H� 4 27),

`QmM/(K × 27) =

⎡

⎣
17 −974 1549
−42 9 745
183 −1215 439

⎤

⎦

⎡

⎣
17 −974 1549
−42 9 745
183 −1215 439

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

27
= 33, 3203

∆ = 33, 2959− 33, 3203 = −0, 0244

3 #Bi U7�iiQ`2 /B b+�H� 4 28),

`QmM/(K × 28) =

⎡

⎣
33 −1948 3098
−84 18 1490
366 −2429 878

⎤

⎦
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⎡

⎣
33 −1948 3098
−84 18 1490
366 −2429 878

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

28
= 33, 3242

∆ = 33, 2959− 33, 3242 = −0, 0283

N #Bi U7�iiQ`2 /B b+�H� 4 29),

`QmM/(K × 29) =

⎡

⎣
67 −3896 6195

−169 36 2980
732 −4859 1756

⎤

⎦

⎡

⎣
67 −3896 6195

−169 36 2980
732 −4859 1756

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

29
= 33, 3047

∆ = 33, 2959− 33, 3047 = −0, 0088

Ry #Bi U7�iiQ`2 /B b+�H� 4 210),

`QmM/(K × 210) =

⎡

⎣
133 −7793 12390
−338 72 5960
1464 −9718 3512

⎤

⎦

⎡

⎣
133 −7793 12390
−338 72 5960
1464 −9718 3512

⎤

⎦⊗

⎡

⎣
8 1 6
3 5 7
4 9 2

⎤

⎦

210
= 33, 2959

∆ = 33, 2959− 33, 2959 = 0
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:HB 2b2KTB(k) KQbi`�MQ +QK2 mM �mK2MiQ /2B #Bi /2/B+�iB �HH� `�TT`2b2Mi�@
xBQM2 /2HH� T�`i2 /2+BK�H2 +QKTQ`iB- BM �++Q`/Q +QM [m�MiQ T`2+2/2Mi2K2Mi2
/2b+`BiiQ- mM� /BKBMmxBQM2 /2HHǶ2``Q`2 /B �TT`QbbBK�xBQM2 ∆ �TTHB+�iQ �B p�@
HQ`B Q`B;BM�`B- }MQ � `2M/2`HQ MmHHQ +QM HǶmiBHBxxQ /B 10 #BiX Zm2biB `BbmHi�iB
KQiBp�MQ T2`i�MiQ H� b+2Hi� /B miBHBxxQ /B mMǶ�`BiK2iB+� }t2/@TQBMi T2` ;HB
b+QTB /B [m2biQ T`Q;2iiQ- TQB+?û KQbi`�MQ +QK2 HǶ�TT`QbbBK�xBQM2 /B i�H2
`�TT`2b2Mi�xBQM2 `BbmHiB i`�b+m`�#BH2 +QM HǶ�HHQ+�xBQM2 /B mM� [m�MiBi¨ /B #Bi
QTTQ`imM�X

9XkXR .2b+`BxBQM2 /2HHǶBKTH2K2Mi�xBQM2
� HBp2HHQ BKTH2K2Mi�iBpQ- H2 QT2`�xBQMB /B KQHiBTHB+�xBQM2 T2` BH 7�iiQ`2 /B b+�@
H� 2 /B i`QM+�K2MiQ UT2` H� i`�b7Q`K�xBQM2 BM `�TT`2b2Mi�xBQM2 }t2/@TQBMiV
2 H� bm++2bbBp� /BpBbBQM2 T2` BH 7�iiQ`2 /B b+�H� UT2` BH `BQii2MBK2MiQ /2H p�HQ`2
BM 7Q`K� Q`B;BM�`B� � K2MQ /B mMǶ�TT`QbbBK�xBQM2V bQMQ T`2b2MiB BM mMQ bi`�@
iQ /B HQ;B+� TBɍ 2bi2`MQ �H }Hi`Q /B +QMpQHmxBQM2 `2�HBxx�iQX AH }Hi`Q ĕ BM7�iiB
BMBxB�HK2Mi2 mM T`Q;`�KK� b+`BiiQ BM HBM;m�;;BQ /B �HiQ HBp2HHQ- K� +?2 ĕ bm+@
+2bbBp�K2Mi2 /2biBM�iQ �/ 2bb2`2 2bTQ`i�iQ +QK2 #HQ++Q HQ;B+Q T`Q;`�KK�iQ
bmH /BbTQbBiBpQ 6S:�- +QbiBim2M/Q T2`i�MiQ mM 2H2K2MiQ TBɍ BMi2`MQ �HHǶ�`+?B@
i2iim`� +QKTH2bbBp� +?2 TBHQi� HǶBMi2`Q T`Q+2bbQ /B 2H�#Q`�xBQM2 /B BKK�;BMBX
AH }Hi`Q ĕ bi�iQ T2`+Bǁ `2bQ +QM};m`�#BH2 �H }M2 /B TQi2` +QKmMB+�`2 +Q``2i@
i�K2Mi2 +QM H2 BMi2`7�++2 U�sA bi`2�KV /2Tmi�i2 �H i`�b72`BK2MiQ /2B /�iB
/2HH2 BKK�;BMB BM BM;`2bbQ 2 mb+Bi� /�HH� i2H2+�K2`� +QHH2;�i� �HHQ wvM[@dykyX
GQ bi`�iQ /B HQ;B+� TBɍ 2bi2`MQ +?2 ;2biBb+2 HǶBMi2`�xBQM2 +QM mM mi2Mi2 UBH
[m�H2 BMb2`Bb+2- i`�KBi2 mM i2`KBM�H2- B F2`M2H /B +QMpQHmxBQM2 /� �TTHB+�`2V
ĕ bi�iQ BM7�iiB `2�HBxx�iQ BM (R) bmHHǶ�K#B2Mi2 /B /2bB;M BMi2;`�iQ UBMi2;`�i2/
/2bB;M 2MpB`QMK2MiV a.EX AM i�H2 bi`�iQ- bQMQ T`2b2MiB H2 Bbi`mxBQMB +?2 `2�@
HBxx�MQ H2 QT2`�xBQMB /B +QMp2`bBQM2 /2B p�HQ`B /2H F2`M2H Q`B;BM�HB BMb2`BiB �HH�
HQ`Q `�TT`2b2Mi�xBQM2 }t2/@TQBMi- 2 pB+2p2`b�- b2TTm` +QM mM� HB2p2 /Bz2`2M@
x� `BbT2iiQ �;HB 2b2KTB T`2b2Mi�iBX GǶBKTH2K2Mi�xBQM2 `2�HBxx�i� MQM T`2p2/2
BM7�iiB +?2 B p�HQ`B BMb2`BiB /�HHǶmi2Mi2 p2M;�MQ KQHiBTHB+�iB T2` BH 7�iiQ`2 /B
b+�H� 2 i`QM+�iB UBM BM;`2bbQ �H }Hi`QV 2 BM}M2 /BpBbB U�HHǶBMi2`MQ /2H }Hi`Q-
T`BK� /B `2biBimB`HBV- #2MbŢ +?2 p2M;�MQ KQHiBTHB+�iB 2 i`QM+�iB bB� BH F2`M2H
BMb2`BiQ /�HHǶmi2Mi2- bB� H� bQKK� /B imiiB B p�HQ`B /B i�H2 F2`M2H- b2Mx� 2b2;mB@
`2 H� /BpBbBQM2 bm++2bbBp�K2Mi2X AH `BbmHi�iQ ĕ 2[mBp�H2Mi2- TQB+?û �HHǶBMi2`MQ
/2H }Hi`Q bB /BpB/2`¨ BH T`Q/QiiQ /B +QMpQHmxBQM2 i`� Q;MB }M2bi`� 2 BH F2`M2H
T2` mM p�HQ`2 TBɍ ;`�M/2Xk *Bǁ T2`K2ii2 /B KQbi`�`2 �HHǶmi2Mi2 B TBt2H /2H@

k/BpB/2`2 BH [mQxB2Mi2 /B mM� /BpBbBQM2 T2` mM p�HQ`2 ĕ BM7�iiB HQ bi2bbQ +?2 �mK2Mi�`M2
BH /BpBbQ`2 }M /�HHǶBMBxBQX
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HǶBKK�;BM2 2H�#Q`�i� K2/B�Mi2 BH F2`M2H b+2HiQ � K2MQ /B mMǶ�TT`QbbBK�xBQM2X

aB T`2b2Mi�MQ /B b2;mBiQ H2 `B;?2 /B +Q/B+2- i`�ii2 /� (R)- +?2 `2�HBxx�MQ H�
+QMp2`bBQM2 BM }t2/@TQBMi /2H F2`M2H BMb2`BiQ /�HHǶmi2Mi2 Ur2B;?ibV 2 /2HH�
bQKK� /2B p�HQ`B /B i�H2 F2`M2H UbmKV,
&

ff+QMp2`bBQM2 BM 7Bt2/ @TQBMi /2H F2`M2H
i2KT 4 +QM7B;@=r2B;?ib(B  +QM7B;@=rB/i? Y D)  UR II +QM7B;@=
#Binb?B7iVc

ff+Q/B+2 /B BMpBQ /2B /�iB BMb2`BiB �H 7BHi`Q - T`2pB� p2`B7B+�
'

&
ff+QMp2`bBQM2 BM 7Bt2/ @TQBMi /2HH� bQKK� /2B p�HQ`B /2H F2`M2H
i2KT 4 +QM7B;@=bmK  UR II +QM7B;@=#Binb?B7iVc

ff+Q/B+2 /B BMpBQ /2B /�iB BMb2`BiB �H 7BHi`Q - T`2pB� p2`B7B+�
'

9y



*�TBiQHQ 8

_BbmHi�iB bT2`BK2Mi�HB

AM [m2biQ +�TBiQHQ p2M;QMQ T`2b2Mi�iB B `BbmHi�iB bT2`BK2Mi�HB Qii2MmiB BM [m2@
biQ H�pQ`Q- KQbi`�M/Q mM +QM7`QMiQ i`� H2 `BbQ`b2 BKTB2;�i2 /�H }Hi`Q /B +QM@
pQHmxBQM2 +QMp2MxBQM�H2- Qpp2`Q BH TmMiQ /B T�`i2Mx�- 2 [m2HH2 BKTB2;�i2 /�H
}Hi`Q /B +QMpQHmxBQM2 b2T�`�#BH2- Qpp2`Q HǶQ#B2iiBpQ /B [m2biQ H�pQ`Q- `2�HBxx�iQ
b2+QM/Q H2 QiiBKBxx�xBQMB T`2b2Mi�i2 M2B +�TBiQHB T`2+2/2MiBX

A p�HQ`B +?2 p2``�MMQ KQbi`�iB bQMQ bi�iB Qii2MmiB i`�KBi2 HQ bi`mK2MiQ
/B bBMi2bB /2H #HQ++Q HQ;B+Q K2bbQ � /BbTQbBxBQM2 /� oBp�/Q >Ga- BH [m�H2
M2 bBKmH� BH 7mMxBQM�K2MiQ 7Q`M2M/Q mM� biBK�- �##�bi�Mx� T`2+Bb�- /2H bmQ
2z2iiBpQ miBHBxxQ /B `BbQ`b2X

8XR AH TmMiQ /B T�`i2Mx�
G2 T`2bi�xBQMB 2 H2 `BbQ`b2 miBHBxx�i2 /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2 +QMp2M@
xBQM�H2- M2HHǶBKTH2K2Mi�xBQM2 /2b+`Bii� BM a2xBQM2 jXkX9- bQMQ KQbi`�i2 BM
6B;m`� 8XR- 6B;m`� 8Xk- 6B;m`� 8Xj- 6B;m`� 8X9- 6B;m`� 8X8 2 6B;m`� 8XeX

S2` H� +QKT`2MbBQM2 /2HH2 pQ+B miBHBxx�i2 bB 7Q`MBb+QMQ- BM �;;BmMi� �HH2
/2}MBxBQMB ;B¨ 7Q`MBi2 BM a2xBQM2 kXk- H2 b2;m2MiB /2}MBxBQMB,(8)

Ç iBKBM;, K�bbBK� 7`2[m2Mx� /B +HQ+F `�;;BmM;B#BH2c
Ç Bi2`�iBQM H�i2M+v, MmK2`Q /B +B+HB /B +HQ+F M2+2bb�`B T2` +QKTH2i�`2

mMǶBi2`�xBQM2 /B mM +B+HQX
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hBKBM; U+QMp2MxBQM�H2V

6B;m`� 8XR, :`�}+Q /2H iBKBM; T2` HǶ�H;Q`BiKQ /B +QMpQHmxBQM2 +QMp2MxBQM�H2X
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6B;m`� 8Xk, :`�}+Q /2HHǶBi2`�iBQM H�i2M+v T2` HǶ�H;Q`BiKQ /B +QMpQHmxBQM2
+QMp2MxBQM�H2X
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+QMpQHmxBQM2 +QMp2MxBQM�H2X
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66b U+QMp2MxBQM�H2V

6B;m`� 8X8, :`�}+Q /2H MmK2`Q /B 66b miBHBxx�iB /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2
+QMp2MxBQM�H2X
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.aSb U+QMp2MxBQM�H2V

6B;m`� 8X9, :`�}+Q /2H MmK2`Q /B .aSb miBHBxx�iB /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2
+QMp2MxBQM�H2X
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Glhb U+QMp2MxBQM�H2V

6B;m`� 8Xe, :`�}+Q /2H MmK2`Q /B Glhb miBHBxx�i2 /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2
+QMp2MxBQM�H2X
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*QK2 bB p2/`¨ M2HH� b2xBQM2 bm++2bbBp�- HǶmiBHBxxQ /B "_�Jb MQM p�`B2`¨
i`� HǶBKTH2K2Mi�xBQM2 +QMp2MxBQM�H2 2 [m2HH� b2T�`�#BH2- TQB+?û H� HQ`Q �H@
HQ+�xBQM2 /BT2M/2 /�HH� /BK2MbBQM2 /2B F2`M2H miBHBxx�iB U+?2 `BbmHi� �M�HQ;�
T2` 2Mi`�K#2 H2 BKTH2K2Mi�xBQMBVX h�H2 �bT2iiQ MQM +QbiBimB`¨ T2`i�MiQ mM
T�`�K2i`Q /B QiiBKBxx�xBQM2X

8Xk AH MmQpQ }Hi`Q, mM +QM7`QMiQ
G2 T`2bi�xBQMB 2 H2 `BbQ`b2 miBHBxx�i2 /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2 b2T�`�@
#BH2- M2HHǶBKTH2K2Mi�xBQM2 T`2b2Mi�i�- bQMQ KQbi`�i2 BM 6B;m`� 8Xd- 6B;m@
`� 8X3- 6B;m`� 8XN- 6B;m`� 8XRy- 6B;m`� 8XRR 2 6B;m`� 8XRk- � +QM7`QMiQ +QM H2
+Q``BbTQM/2MiB /2HHǶ�H;Q`BiKQ +QMp2MxBQM�H2X
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hBKBM; U+QMp2MxBQM�H2V hBKBM; Ub2T�`�#BH2V

6B;m`� 8Xd, :`�}+Q /2H iBKBM; T2` HǶ�H;Q`BiKQ /B +QMpQHmxBQM2 b2T�`�#BH2- �
+QM7`QMiQ +QM [m2HHQ +QMp2MxBQM�H2X

*QK2 bB Tmǁ 2pBM+2`2 /�H ;`�}+Q- BH iBKBM; MQM +QbiBimBb+2 mM T�`�K2i`Q /B
QiiBKBxx�xBQM2X
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6B;m`� 8X3, :`�}+Q /2HHǶBi2`�iBQM H�i2M+v T2` HǶ�H;Q`BiKQ /B +QMpQHmxBQM2
b2T�`�#BH2- � +QM7`QMiQ +QM [m2HHQ +QMp2MxBQM�H2X

*QK2 bB Tmǁ 2pBM+2`2 /�H ;`�}+Q- HǶBi2`�iBQM H�i2M+v `BbmHi� QiiBKBxx�i� /B kf9
+B+HB /B +HQ+F T2` Q;MB /BK2MbBQM2 /2H F2`M2H miBHBxx�iQX
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6B;m`� 8XN, :`�}+Q /2H MmK2`Q /B "_�Jb miBHBxx�i2 /�HHǶ�H;Q`BiKQ /B
+QMpQHmxBQM2 b2T�`�#BH2- � +QM7`QMiQ +QM [m2HHQ +QMp2MxBQM�H2X

*QK2 T`2+2/2Mi2K2Mi2 �++2MM�iQ- HǶmiBHBxxQ /B "_�Jb MQM +QbiBimBb+2 mM
T�`�K2i`Q /B QiiBKBxx�xBQM2X
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.aSb U+QMp2MxBQM�H2V .aSb Ub2T�`�#BH2V

6B;m`� 8XRy, :`�}+Q /2H MmK2`Q /B .aSb miBHBxx�iB /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2
b2T�`�#BH2- � +QM7`QMiQ +QM [m2HHQ +QMp2MxBQM�H2X

*QK2 bB Tmǁ 2pBM+2`2 /�H ;`�}+Q- HǶmiBHBxxQ /B .aSb ĕ /`�biB+�K2Mi2 `B/QiiQ-
/� mM KBMBKQ /2H jjW- M2H +�bQ 3 × 3- �/ mM K�bbBKQ /2HHǶ33W- M2H +�bQ
17 × 17X 1bbQ `�TT`2b2Mi� mMQ /2B T�`�K2i`B /B K�;;BQ`2 QiiBKBxx�xBQM2
7Q`MBiQ /�HHǶBKTH2K2Mi�xBQM2 b2T�`�#BH2X

3× 3 5× 5 7× 7 9× 9 11× 11 13× 13 15× 15 17× 17
0

1,000

2,000

3,000

4,000

5,000

6,000

7,000

8,000

9,000

1,
13

8

1,
48

9

1,
96

8

2,
57

9

3,
25

5 4,
16

2 5,
51

0

7,
12

5

99
0

1,
15

3

1,
25

9

1,
45

8

1,
56

6

1,
64

7

1,
78

2

2,
01

5

66b U+QMp2MxBQM�H2V 66b Ub2T�`�#BH2V

6B;m`� 8XRR, :`�}+Q /2H MmK2`Q /B 66b miBHBxx�iB /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2
b2T�`�#BH2- � +QM7`QMiQ +QM [m2HHQ +QMp2MxBQM�H2X

*QK2 bB Tmǁ 2pBM+2`2 /�H ;`�}+Q- HǶmiBHBxxQ /B 66b ĕ /`�biB+�K2Mi2 `B/QiiQ- /�
mM KBMBKQ /2H RjW- M2H +�bQ 3×3- �/ mM K�bbBKQ /2H dkW- M2H +�bQ 17×17X
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Glhb U+QMp2MxBQM�H2V Glhb Ub2T�`�#BH2V

6B;m`� 8XRk, :`�}+Q /2H MmK2`Q /B Glhb miBHBxx�i2 /�HHǶ�H;Q`BiKQ /B +QMpQHmxBQM2
b2T�`�#BH2- � +QM7`QMiQ +QM [m2HHQ +QMp2MxBQM�H2X

*QK2 bB Tmǁ 2pBM+2`2 /�H ;`�}+Q- HǶmiBHBxxQ /B Glhb ĕ /`�biB+�K2Mi2 `B/QiiQ-
/� mM KBMBKQ /2H RkW- M2H +�bQ 3×3- �/ mM K�bbBKQ /2H dRW- M2H +�bQ 17×17X

aB bBMi2iBxx�MQ BM h�#2HH� 8XR H2 /Bz2`2Mx2 T2`+2Mim�HB /2B T�`�K2i`B KQbi`�iB
T2` Q;MB /BK2MbBQM2 /2H F2`M2H M2HHǶBMi2`p�HHQ /B `B72`BK2MiQX

hBKBM; Ai2`�iBQM
H�i2M+v "_�Jb .aSb 66b Glhb

3× 3 YjyW @dW yW @jjW @RjW @RkW
5× 5 YjeW @dW yW @eyW @kjW @R8W
7× 7 Yk9W @RyW yW @dRW @jeW @kkW
9× 9 YkNW @RyW yW @d3W @9jW @jRW

11× 11 YkNW @RyW yW @3kW @8kW @9RW
13× 13 YRNW @RjW yW @38W @eyW @9eW
15× 15 YRNW @RjW yW @33W @e3W @ekW
17× 17 YR9W @RjW yW @33W @dkW @dRW

h�#2HH� 8XR, .Bz2`2Mx2 T2`+2Mim�HB /B T`2bi�xBQMB 2 `BbQ`b2 miBHBxx�i2 T2` Q;MB
/BK2MbBQM2 /2H F2`M2H M2HHǶBMi2`p�HHQ /B `B72`BK2MiQX
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8XkXR _2�HBxx�#BHBi¨
G2 +QMbBbi2MiB QiiBKBxx�xBQMB �TTQ`i�i2 �H }Hi`Q /B +QMpQHmxBQM2 /�HHǶ�H;Q`Bi@
KQ b2T�`�#BH2 T2`K2iiQMQ BMQHi`2 HǶBMbi�HH�xBQM2 /B mM K�;;BQ` MmK2`Q /B
}Hi`B +QMi2KTQ`�M2�K2Mi2 bmH /BbTQbBiBpQX *QMbB/2`�M/Q BM7�iiB +QK2 `BbQ`b2
/BbTQMB#BHB H� /Bz2`2Mx� i`� H2 `BbQ`b2 iQi�HB K2bb2 � /BbTQbBxBQM2 /�H /BbTQbB@
iBpQ 2 [m2HH2 BKTB2;�i2 /�H `2biQ /2HH� HQ;B+� M2+2bb�`B� �H bmQ 7mMxBQM�K2MiQ-
BH MmK2`Q /B }Hi`B BMbi�HH�#BHB b2;m2 HǶ�M/�K2MiQ BHHmbi`�iQ BM 6B;m`� 8XRjX(R)
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6BHi`B BMbi�HH�#BHB U+QMp2MxBQM�H2V 6BHi`B BMbi�HH�#BHB Ub2T�`�#BH2V

6B;m`� 8XRj, :`�}+Q /2H MmK2`Q /B }Hi`B BMbi�HH�#BHB +QMi2KTQ`�M2�K2Mi2 bmH
/BbTQbBiBpQ- +QM7`QMi�M/Q HǶBKTH2K2Mi�xBQM2 b2T�`�#BH2 +QM [m2HH� +QMp2MxBQM�H2X

AH MmK2`Q �;;BmMiBpQ /B }Hi`B BMbi�HH�#BHB ĕ bBMi2iBxx�iQ BM h�#2HH� 8XkX
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Lê /B
}Hi`B YRN YR8 YRj YRk YRy YN Yd Ye

h�#2HH� 8Xk, LmK2`Q �;;BmMiBpQ /B }Hi`B b2T�`�#BHB BMbi�HH�#BHB bmH /BbTQbBiBpQ
`BbT2iiQ �HH� p2`bBQM2 +QMp2MxBQM�H2X
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SQB+?û imii�pB� HǶmiBHBxxQ T`�iB+Q /2H }Hi`Q T`2p2/2 +?2 HǶBKTH2K2Mi�xBQM2 BM@
bi�HH�i� bB� BM p2`bBQM2 +QM};m`�#BH2- /Bp2`b�K2Mi2 /� [m2HH� T`2+2/2Mi2K2Mi2
BHHmbi`�i�- bB KQbi`� BM 6B;m`� 8XR9 �M+?2 i�H2 +QM7`QMiQX
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6BHi`B BMbi�HH�#BHB U+QMp2MxBQM�H2 +QM7XV 6BHi`B BMbi�HH�#BHB Ub2T�`�#BH2 +QM7XV

6B;m`� 8XR9, :`�}+Q /2H MmK2`Q /B }Hi`B +QM};m`�#BHB BMbi�HH�#BHB +QMi2KTQ`�@
M2�K2Mi2 bmH /BbTQbBiBpQ- +QM7`QMi�M/Q HǶBKTH2K2Mi�xBQM2 b2T�`�#BH2 +QM [m2HH�
+QMp2MxBQM�H2X

AH MmK2`Q �;;BmMiBpQ /B }Hi`B BMbi�HH�#BHB BM p2`bBQM2 +QM};m`�#BH2 ĕ bBMi2iBx@
x�iQ BM h�#2HH� 8XjX

3× 3 5× 5 7× 7 9× 9 11× 11 13× 13 15× 15 17× 17

Lê /B
}Hi`B YRk YRj YRR YN Y3 Yd Yd Ye

h�#2HH� 8Xj, LmK2`Q �;;BmMiBpQ /B }Hi`B b2T�`�#BHB +QM};m`�#BHB BMbi�HH�#BHB bmH
/BbTQbBiBpQ `BbT2iiQ �HH� p2`bBQM2 +QMp2MxBQM�H2X
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*�TBiQHQ e

*QM+HmbBQMB

A `BbmHi�iB bT2`BK2Mi�HB pBbiB �H i2`KBM2 /B [m2biQ H�pQ`Q ?�MMQ 2pB/2MxB�iQ
+QK2 HǶmiBHBxxQ /B }Hi`B b2T�`�#BHB +QKTQ`iB mMǶQiiBKBxx�xBQM2 2bi`2K�K2Mi2
+QMbBbi2Mi2 M2HHǶBKTB2;Q /B `BbQ`b2 /B mM /BbTQbBiBpQ `BbT2iiQ �HHǶmiBHBxxQ /B }Hi`B
+QMp2MxBQM�HBX h�H2 QiiBKBxx�xBQM2 +QbiBimBb+2 T2`i�MiQ mM �bT2iiQ /B 2bi`2@
KQ BMi2`2bb2 b2 bB /2bB/2`� �++`2b+2`2 H� +QKTH2bbBi¨ /2HH� HQ;B+� BMbi�HH�i�
bm mM /BbTQbBiBpQ /Qi�iQ /B `BbQ`b2 HBKBi�i2 +QK2 mM 6S:�X *QK2 �++2MM�iQ
M2H *�TBiQHQ k BM7�iiB- HǶ2b2+mxBQM2- �/ 2b2KTBQ- /B mM� HQ;B+� +QKTH2bb� +QK2
[m2HH� /B mM� *LL `B+?B2/2 mM� +QbTB+m� [m�MiBi¨ /B `BbQ`b2- 2 +Bǁ +QbiBimBb+2
mM 7Q`i2 Qbi�+QHQ b2 +B bB �TT`2bi� � `2�HBxx�`2 mM i�H2 Q#B2iiBpQ b2Mx� T`2bi�`2
H� K�bbBK� �ii2MxBQM2 �HHǶQiiBKBxx�xBQM2 /B Q;MB bBM;QHQ �bT2iiQ BKTH2K2M@
i�iBpQX GǶmiBHBxxQ /B mM �H;Q`BiKQ b2T�`�#BH2 `�TT`2b2Mi� T2`i�MiQ- QHi`2 +?2
mM 2++2HH2Mi2 bi`mK2MiQ /B QiiBKBxx�xBQM2 T2` [m�HbB�bB �TTHB+�xBQM2 /B 2H�#Q@
`�xBQM2 BKK�;BMB +?2 T`2p2/� HǶmiBHBxxQ /B F2`M2H b2T�`�#BHB- mM 2H2K2MiQ /B
7QM/�K2Mi�H2 BKTQ`i�Mx� T2` H� `2�HBxx�xBQM2 /B Q#B2iiBpB /B [m2bi� TQ`i�i�X

h�H2 2H2K2MiQ `�TT`2b2Mi2`2##2 imii�pB� mMQ /2B KQHi2THB+B �bT2iiB +?2 bB
/Qp`2##2`Q ;2biB`2 T2` BH `�;;BmM;BK2MiQ /B i�H2 b+QTQX

apBHmTTB 7mim`B /B [m2biQ H�pQ`Q TQi`2##2`Q +QKTB2`2 [m2biQ T�bbQ BM/BpB@
/m�M/Q- +QK2 T`2bmTTQbiQ T`BK�`BQ- mMǶ�`+?Bi2iim`� �/2;m�i�- #�b�i� bmHH�
`B/mxBQM2 �B KBMBKB i2`KBMB /2HH� +QKTH2bbBi¨ /2B HBp2HHB BMi2`MB- �H }M2 /B ;`�@
p�`2 [m�MiQ K2MQ `BbmHiB TQbbB#BH2 bmHH2 HBKBi�i2 `BbQ`b2 /BbTQMB#BHBXR *QKTBm@
iQ [m2biQ T�bbQ- bB TQi`¨ T`Q+2/2`2 �HHǶBKTH2K2Mi�xBQM2 /2B KQ/mHB M2+2bb�`B
�H 7mMxBQM�K2MiQ 2{+B2Mi2 /B i�H2 `2i2c mMQ i`� [m2biB- BH }Hi`Q b2T�`�#BH2X

Ri`� H2 TQbbB#BHB QTxBQMB �iim�HK2Mi2 MQi2- a[m22x2L2i Tmǁ `�TT`2b2Mi�`2 mM� b+2Hi�
BMi2`2bb�Mi2X

8R
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